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Abstract: In this paper, the approach to obtaining nontrivial formulas for some recursively defined sequences
is illustrated. The most interesting result in the paper is the formula for the solution of quadratic map-like
recurrence. Also, some formulas for the solutions of linear difference equations with variable coefficients are
obtained. At the end of the paper, some integer sequences associated with a quadratic map are considered.
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1. Introduction

L et us begin with some notation. Let b be a row vector and a be a finite row vector; (b); denotes jth

element of vector b, |b| denotes length of b; a_b Lt ((a)l,...,(a)m ,(b)l,...), (o) def ((b)])m v
]:

ol < i<
product, I € N, m € NU {co}. Note that the last function can be expressed by the ceiling function: [I,m]; =
[GAm)/(L+m)] = [}/ (I +m)].

Also, we use ordinary notation to denote the corresponding entrywise operations. For example, a

. m m
Zjl.il (b)]-xlfl, 1, def (1) v Om def (0) v [1,m]; def (1oo X (Olvlm))]-, where x denotes the Kronecker
= =

2
2 2\ 12!
expresses the Hadamard square: a* = ((a) i ) -
It should be noted that there are many iaapers on sequences generated by linear difference equations
with variable coefficients. See, for examle, [1-3]. The simple approach illustrated here involves constructing
for each such sequence a corresponding recursive vector sequence, which can be explicitly expressed using
the following property of Hadamard product: (ac) * (bd) = (a*b)(c xd), where |c| = |a|, |d| = |b| and
xe{_,x}

2. Linear recurrences

First we use this property with respect to concatenation.

Theorem 1. If xq, xp are arbitrary numbers, a,, b, are arbitrary number sequences and x, = anx,_1 + bpx,_y for
n >3, then

xn—i((xl—xz)(f)]-—kxz)( I bk>< I ak>,

j=1 3<k<n 3<k<n
(fr)j=1 (fx+Ex41);=0
where fy, is nth Fibonacci number, £ = (O, 1,0,0,...) is infinite Fibonacci word; £y is obtained from £ by replacing each
entry of zero with f_q zeros and each entry of one with fi_, ones.

Proof. Define vectors: x; = (xl), Xy = (xz), xn = (buxp—2) (anxy_1) forn = 3and y1 = x1, yn = ¥u_1-%n,
Pn = 1fn+1_1 v<bn1fn—2)v(an1fn71) for n 2 2.
Let Ajb def bv(b)Lb‘. We have y, = pu/\f, 741 for n > 3, from which it follows that y, = y2» [T{—3 Px.n/

where Yon = Afn—lAfn—z ce Afzyz, Pikn = Afn—lAfn—z oo Afkpk'
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Partition y2,, = yj_..._y, such that |y}| = f;, theny] = x1, y5 = x0, ¥y, = y,_», + 7y, forn >

3. Similarly partition py, = pj ;... oP;, such that [p;;| = fi, thenp; = 1 for 1 <i < k—1,p;, =
/ / / :
(betf ,) o (@rlp ), P; =Ppip P g fork+1<i<n.
Note that (x,)- = (y,)- [Tf—3(p},)—, where by (a)_ we denote the vector composed of elements of a

in reverse order. Now (y;,)- and (p;,)- can be expressed in terms of infinite generalized Fibonacci words:

()~ = (1 =) (O + 2L, (Bl) -~ = (B + bifi gLy, — Fraa = £)]"
Finally using x, = |(x)—|1 we get the result. O

The same sequence can be expressed with help of the Kronecker product.

Theorem 2. If xq, xp are arbitrary numbers, a,, b, are arbitrary number sequences and x, = anXx,_1 + bpx,_y for
> 3, then

Xp = Y (2 —x)L,1j+x1) ] ass J1 brss
2n—2+1<]‘<2n—1 0<k<n—3 0<k<n—3
921 1—j41)=1 [3:2.24);=1 [2,2k);=0

where 9(n) T (1 — [3-2%,25],).

Proof. Define vectors: r; = (xl,x2) ry = (12 X ry—1)(hy X 1y02) for n > 2, where h, = (0,1,bn+1,an+1).
It can be easily shown that \(rn)zn 14111 = Xuy1. Solving the recurrence equation we get: 1, = (11 X
r1) TT3_5(1on—k X Dy X 15 2). Taking into account that hy = (0, 1,1, 1) (ka, 1, bryq, l) (1, 1,1, ak+1) and doing

some calculations we get the result.

The following lemma allows us to generalize the result to the nonhomogeneous case.

Lemma 1. If x; is arbitrary vector, by is 0, 1-vector sequence, a, and c, are such that |a,| = |c,| = |x1|[TiZ, |bil;
xn = ay(by X xy_1) + ¢ for n > 2, then

n n n
xp = (by2 X x1) H(bn,k+1 X ag) Z nit1 X Cj) H (O 1 X ak),
k=2 i=2 k=it1

whereb, p = by X by X -+ X b, ifk <nand b, = 14, ifk > n.

The proof is straightforward.

Vectors r;, for similar nonhomogeneous sequence xj, = a,x],_; + byx),_, + ¢, such that |(z}, )2” 1 +1|1 =
1. are defined as follows: rj = (xl,x2>, = (12 x1,_1)(hy X 1pn2) + ¢4 (021 _17) for n > 2. To use the

lemma we should, of course, do substitutions a;, = hy X 15,2 and by, x = 1yu-k+1.
Theorem 3. If wy is arbitrary number, a,, j is arbitrary number sequence and w, = Z]r.‘z_ol ay,jwj forn € N, then

n |v|

E _WOZH”v)kolv

j=0 veV, k

where set V, consists of all vectors v such that 1 < (v);—1 < (v); < nfor2 <i < |v].

Proof. Define vectors: wg = (wo), W = (w0/a1,0w0)/ Wy = wy—1(wy_1qs) for n > 2, where (q4)1 = a0,

(qn)g,}:,1 11 = Al for 1 < k < n— 1. From the recurrence equation it follows that if equality |w;[; = Z}:o wj
is true for | = n —1 > 1, then it is true for | = n; it is true for I = 1, so we conclude that it is true for any

I € N. Solving the recurrence equation, we get: w, = wo[Tf_1(1m+« X (13-1.q)) for n € N. Noting that
k=1

qr = (uk, “0‘621'1)]‘:1 , we have

2" n

[l =wo ) kl—I([zkilf2k71]j(ak,[log2(1+(jfl) mod 26-1)] — 1) +1).
=1k=1
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The quantity [2%,2F] j equals the value of kth digit of number (j — 1) in binary numeral system. If k; is serial
number of ith digit 1, then [log,(1 4+ (j — 1) mod 2ki)] = 14 k;_1. Therefore, |w,|; = wy LIl ak 1 b1
assuming ko = —1. Here (k; + 1) ranges over v € V.1 k; +1 = (v);. O

In the same way vectors w), for nonhomogeneous sequence w; = ¢, + Z/
Z}:O wj, are defined as follows: wy = (wo), W) = (wo, o1 +a1,0w0), w, = w, ¢ (w,_1qn) + cn(Opn_1_17)
forn > 2.

n, —
0 an]w] such that [w;|; =

3. Quadratic map

It is well-known that in many cases iterations of a polynomial of degree 2 in the general case, i.e. solutions
of quadratic map, can be expressed by iterations of a polynomial of degree 2 with one parameter.

Theorem 4. Let pl0 (x) = x, p (x) = p"="V(p(x)) (for n € N ) be iterations of polynomial p(x) = A(x + 1)x,
then
2" kw,—1  n .
Y=Yy T ()
k=1 i=(k—1)w, j=1 Hij = Hij-1

n(n—1)

1+i mod w]H 1

where wy, = 2 cpij =

Proof. Any polynomial p(")(x) can be expressed as follows: p(™) (x) = Y2 ¢, xX, where g, = g,x(7) are

polynomials defined by equalities: gg1 = 1, gk = Z%;l Gki8n—1, (for 1 < k < 2"), where g4 ; = Al (kl_l)
Let pg = (1),pn = (121 X pp—1)(an X 1w, ,) for € N, where

221171

1
= (Q(i/2"41,1+(i71) mod 2"71)1,:1

1 n—1

dn = (111])]n1 V(q2])]n1 —oe (qznr]')]zzl

Then | (py ) = gu k- Solving the equation, we get:

1+(k 1wy 1

n
Pn = 1 (k) n—k) X Qg X 1 )
" H( U Wi
[e9)
The last step is to check that 100 X qx X 10, | = (qwk’ﬂjkq) o O
oltik=1 ) i

Remark 1. Using generating polynomial |qi|; = A(1 + #7) (A1 4 A2mF)m — 1) /(Apm+D 4 Ap2mtl ),
where m = 28~ and taking in account formula |a x b|; = |a|,|b|; We can represent p (x ) as Hadamard’s

product of n functions. The polynomial [qx|; can be derived using polynomials ¢y, = ¥4 (. ])(At)] 1 as
follows. Taking in account that ¢y ,, = At(Px—1m + Pk—2.m) — (/\t)m(kfntll) for k > 3 and m > 1, we can write

1 & 7t o1 7 L m+1
Wl = B0 g = a1 g t<>mgok,m—AmDm(k_m_1>
k=1 k=1 = k=2

= 1" A A gl — 77 o) + AP (A 1qult Y g = ") o 1)
_ Am(tm(m+l)(1 + tm)m+1 _ (m 4 1)t2m +m)‘

From here taking in account @2, = (At)" ! and @21, = m(At)"~! we immediately get |qy ;.

Let’s consider another episode. Let s (x) = x, st (x) = s(""V(s(x)) (for n € N) be iterations
of polynomial s(x) = s)(x) = A(x* —1)+1 and A # 0. Define vectors: s; = (x—l,l), Sn =
/\sﬁ12_>1 — (A =1)(0ypn1_; 1) for n > 2, where triangular brackets indicate Kronecker degree. Obviously,

|Sn|1 = S(Isn71|1) = S(n)<x)'
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Solving the equation, we get:

2 n—1_ on—1 n—1_ on—1 -1
Sn = )\S,<1_>11n—1 =\ ls§ >r/\,nfl =A? 1S§ >(I‘-)% 1
where 1, = 1,1, _ (A—l), ry =11 1% e =12, 1
Therefore, we have
22"
Sgl'rl) (X) _ Azn—1,1 Z(x i 1>(hn)j)\7(10g2 rz/n,l)j (2)
j=1
on—1
where h;, = log, (2, 1) . And it can be easily shown that

(hp); =2""1 = Y [25,2"]; and (log, 10,); = Y [22%(2% —1),2%%);
k=0 k,i=0

by using simple formula

n—1

(logy(1n1- (2))0); = X [k (m — 1), mih) (for j < m".
k=0

Substituting 2 for x in (2), we have

on—1
n—1_ —
s(2) = A2 PILT
=1

where «,; denotes the number of elements in log, r;,_1 that equal to k. This function can be defined
recursively as follows:

k
2;171
Ko = 3" K1k = k1, Kk = Opon1 — Sz + Y K1 fiKn—1,-
i=0

Evaluating x, , we have:

1 n—1

—1q2n 11 2
=2"""3 /Knp = _Kn,l(ﬁ - Z Ki+1,1(Ki1” + O pn1 — O pn-2)
i=0

Kn,1

and so on.

Remark 2. Replacing 2"~! by n in the last expression of (1), we get new sequence of vectors: s, =
A”’lsim(r)%”. Let fu(x) = |s},|1. Conjecture:

fu/2(s(x)), if n is even
fu(x) = ¢ Axfy_1(x),if n is odd

x,ifn =1.
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