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Abstract

For certain values of semi-major axis and eccentricity, orbit plane precession
caused by Earth oblate is synchronous with the mean orbital motion of the
apparent Sun (a sun-synchronism). Many forces cause slow changes in the in-
clination and ascending node of sun-synchronous orbits. In this work, we in-
vestigate the analytical perturbations due to the direct solar radiation pressure
and gravitational waves effects. A full analytical solution is obtained using
technique of canonical Lie-transformation up to the order three in J, (the
oblateness of the Earth). The solar radiation pressure and gravitational waves
perturbations cause second order effects on all the elements of the elliptic or-
bit (the eccentricity, inclination, ascending node, argument of perigee, and
semi-major axis) consequently these perturbations will cause disturbance in
the sun-synchronism. Also we found that the perturbation or the behavior of
gravitational waves almost the same as the perturbation or the behavior of so-
lar radiation pressure and their coupling will incorporate the sun-synchronism
through the secular rate of the ascending node precession.
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1. Introduction

It is well known that the sun-synchronous orbits are useful for remote sensing
mission, because the illumination of the sub satellite point (the point where a
straight line drawn from a satellite to the center of the Earth intersects the
Earth’s surface) is nearly constant on each successive pass. Also sun-synchronous
orbits must be retrograde (ie inclination greater than 90°). If the sun-synchronous
orbit is high enough and the sub satellite point is initiated outside the Earth’s
shadow, then the illumination of the sub satellite point will be remain conti-
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nuously throughout the year. Since a sun-synchronous orbits follows the Sun, so
the solar pressure perturbations cannot be neglected, if the orbit is un-shadowed,
long period occur in all the orbital elements except semi-major axis [1] [2]. It is
well known that Earth oblateness causes the orbital angular momentum vector
of earth satellite to process about the Earth’s polar axis. For certain value of
semi-major axis and eccentricity orbit plane precession caused by oblateness is
synchronous with the mean orbital motion of the apparent Sun (a sun-synchro-
nism). Gravitational perturbations arising from a spherical Earth, Moon, and
Sun cause long period fluctuations in the mean argument of perigee, eccentricity,
inclination, and ascending node [3]. Relativistic effects with SRP incorporate the
sun-synchronism [4]. The short and long period’s perturbations due to the effect
of GW on the orbital elements of Jupiter are studies by [5]. Semi-analytical
theory of the mean orbital motion due to the effect of gravitational waves is in-
vestigated by [6]. Many authors discussed the effect of solar radiation pressure
and the effects of gravitational waves separately but the purpose of the current
contribution is to investigate the coupling effects of solar radiation pressure and
gravitational waves on sun-synchronism of elliptic orbits, using the perturbation
technique based on the canonical Lie-transformation. Two canonical transfor-
mations obtained to eliminate the short-period and long-period terms. The solu-
tion is obtained up to order three and two in secular and periodic terms respec-
tively assuming the effect of direct solar radiation pressure and the gravitational
waves of the same order of magnitude and equal to the order of J; (the second

order zonal harmonic of the geo potential z.e. 107°).

2. The Formulation

The Hamiltonian which describes the moving Earth’s satellite under the influ-
ence of SRP and the GW can be expressed as

H=H,+H;+H, (1)
where H represents the Hamiltonian of a satellite in the Earth’s gravitational
field

H, =vP-L )

v is the velocity of satellite, P is the canonical momentum, and Z is the Lagran-
gian of a satellite moving about a central body in Einstein form of the post

Newtonian gravitational field [7]

1 v 1 3
L=2v2-U +—{———U2——VZU } (3)
2 Nctls 27" o2 TN

where ¢, is the speed of light and U, the Earth’s gravitational potential is

developed in series up the fourth harmonic as [8]

__H Jr o2 in2 Js o3 in3 i
Uy _—?{1—?R (3sin 5—1)—FR (5sin® 5—3sin o)

—3—44 R*(35sin‘ 5 —30sin’ 5+3)}
8r
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2 4 2 2 2
. L 1
Using sind =sinisin(f +w), P _E H a2 y__y_+y_2
r- ra 4a
where R is the equatorial radius of the Earth, ¢ is the latitude referred to the
equatorial plane, 7is the inclination of the orbit plane, fthe true anomaly, w the
argument of perigee, and a is the semi-major axis as in Figure 1. Then the

Hamiltonian H 9 will be in the form

Jou
o= 2a+ o 3 {0 +6,cos2( f +a))}

%RS{stin(f +w)+0,s5in3( f + )}

+%R4{94+95c052(f+a))+6'ecos4(f+a))}
1 1 ,uz J, [ #’R*  3u°R?
Sl (N Vo BNY YT (P 4 ——— 116, +6,cos2( f
+c|2 7 A sa J+ 2{ 2r*  gar’ {60 +6,0052(1 + o))
J, [ 1’R® 3u°R® . .
+c_|3 I 16ar {6,sin(f +)+6,sin3(f + o)
J,(#°R* 3u°R*

+ ]{94+950052(f+a))+060054(f+w)}

¢ 32r°  128ar®

Cl
J? R*
+Z ['gz ]{9 +6,c082( f +w)+6,cos4(f +w)}

In terms of the Delaunay set of canonical variables (I,9,h,L,G,H) which
are defined in terms of Keplerian elements (a, e i, QM ) by

=M =n(t-7); L=ua
g=w, G:\/E(l—e) (4)

h=Q; H=Gcosi

Z
K 4
1 P
r
1 Orbital plane
> Y
u/i
Q
N
Fundamental line of nodes
X Plane

Figure 1. The position vector of moving celestial object in XYZ.
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| is the mean anomaly, @ argument of perigee, Q longitude of the node,
and a,e,i are the semi-major axis, the eccentricity, and the inclination respec-

tively. The Hamiltonian H; will be in the form

4 3
I Y. RZ[%) {6,+6,cos2(f +g)}

P TERTE
+J3—!15R3(EJ4{49 sin(f+g)+6,sin3(f +g)}
8L® r) *

éiﬁo R“(rj {6, +6,c0s2(f +g)+6;cos4(f+g)}

e o(2) (23

Lt ,l1ra) 3raY

+2E RIS S -2 = | M6, +0,cos2(f +
c’L? {Z(rj B(rj }{ o (f+9))
Ju’ 1(a) 3(a)

3 RIZIZ =2 Yasin(f+g)+6,sin3(f+
o {4 ) 16@}{2 (f+9)+,5in3(f +9)]

(5)

Jatt 1(aj€ 3("")5 {6, +6, cos2( f 6, cos4(f +g)}

+ =2 == +6.cos2(f+qg)+0, cosd(f+
c?l? |32\r) 128\r R (f+9)+é, (f+9)
JZ 8R4

Lo [:ZLHJ( ){9 +6,c0s2(f +g)+6,cos4(f+g)]

where
90:1—302, 6’12—382, 92:1553—1252 6, =-5s%, 6, =9-90c? -105¢*,

6, =-20+160c* —140c*, 6, =35s*, 6, =%C4 15¢% + 11

6, =—6+24c” -18c*, 09=gs4,and c=cosi and s=sini.

The Hamiltonian of the solar radiation pressure H, in terms of Delaunay

elements is given by [9]
LZ
Hs =N, L4s - ﬂ 2

©

é{Tc cos f +T;sin f} (6)

where

C

T :%(l+c)(1+¢9®)cos(g +h=1,)

1-6

,)cos(g +h+1,)

1 l+C

(0]

)
1 —c)(1+6,)cos(g—h+1,)
-c)(1-6,)cos(g—h-1,,)

1 .
+Essme{cos )—cos(g+1,,)}

and
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1+c )(1+6

,)sin(g+h—

1+c
sin(g—h+1,,)

©

1 o

0]

)
)(1-6,)sin(g+h+1,)
—c)(1+6,)
~¢)(1-6,)sin(g ~h-
__Ss,ne{s.n )—sin(g+1,,)}

l,s =k, =nyt (n, is the solar mean motion of order unity rather than
O(H,)), L, =K, is the conjugate of L,, which will be found from

oH

Ly :—al—s, 0, =cose, e is the obliquity of the ecliptic, and B is constant
4s

which represents satellite area to mass ratio corresponding to a spherical satel-

lite.

Finally the Hamiltonian of the gravitational waves H, in terms of Delaunay

elements is given by
r.2 SZ
H, =n,L, +€L4¥ E[cos(Zh +14y + ) —cos(2h -1, — ;)
— A [sin(2h+1,, +a,)+sin(2h-1,, -, ) |]
2
+[C_+E_i6J[cos(2f +2g9+2h+1,, +a,)

+cos(2f +2g+2h—I,, —a;)— A [sin(2f +2g +2h+1,, +a,)
+sin(2f +2g+2h—1,,—a,)+sin(2f +2g-2h+1,, +a,)

. ¢ ¢ 1
+sm(2f+29—2h—l4w—az)ﬂ+ TRRET] 7)

x[cos(2f +2g—2h+1,, +a,)+cos(2f +2g9-2h—I,, —al)]}

1 h
where e:En\f,hx and A, =——, n, is the frequency of the wave. o and

= |

a, are the phase difference, h, and h, are the amplitudes of the wave in the

4w:kW:nwt’ L4W:KW iS
OH,
6|4w

According to Equations (5), (6), and (7) we can write the Hamiltonian Hin (1)

two orthogonal directions in the transverse plane. |

the conjugate of 1,, which will be found from L,, =-

as

H=Ho+ Y, —H

where € is the small parameter of the expansion which represents the second

zonal harmonic J, of the Earth’s potential, and
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2

Ho=—2 17 (8)
AfaY
Hl:_F[?j {6, +6,cos2(f +g)}+n, Ly, +n,L,, 9)
H,=H, +H, +Hy +H,, +Hy (10)
4
Hﬂ:%(%j {6,sin(f +g)+0,sin3(f+g)] (11)

5
H _ﬁ[ij {94+950052(f +0)+6scosd( f +g)} (12)

22 —
r

H23 =i43{—3(3j2+2(2j—1} (13)
L r r) 8

H24=A24L2£{chosf+Tssin f} (14)
a

2 2
Hos :A25L4r—2{%[cos(2h+l4w+a1)—COS(2h—|4W—0!1)
a
— A [sin(2h+1,, +a,)+sin(2h -1, -a,)]]
c? 1
+| —+———|[cos(2f +2g+2h+],, +a)
+cos(2f +2g +2h—1,, —a)- A [sin(2f +2g+2h+1,, +a,)

+sin(2f +2g+2h-1,,-a,)+sin(2f +2g-2h+l,, +,)

+sin(2f +2g -2h—1,, —a,) ]+ ¢ el (15)
" 16 8 16
x[cos(2f +2g—2h+1,, +a,)+cos(2f +Zg—2h—l4w—al)]}

_AJi(a)_3(ay
Ha_Ls{Z(r) B(r) }{90+610052(f+g)} (16)

For different orders of J,, the coefficients A’s are

4 5 6 6
H s Jat s i 4 24 Lo
:_R > = R > = R > =_R >
A= P 43,7 Pz 32J,7 Fos c?J,?
ﬁ 1 n\ihx SI/JG 2
=——r == R =——R".
P ‘]zzﬂaé e 2 Jzzzu A Clz‘]z2

The second-order term in the Hamiltonian A which is given in Equation (10)
is consisting of the non-relativistic terms H,;, H,,, the relativistic term H,,,
the terms of solar radiation pressure H,, and the terms of gravitational waves
H,s.The third order term H, is representing the mixed perturbation due to

Newtonian quadruple field and Schwarzschild acceleration.

3. The Algorithm of Solution

Let the considered system of differential equations in terms of canonical ele-
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ments under the effect of solar radiation pressure and GW are

dy, oH . d, oH

=0 (i=1,2,34 17
dt ol dt oL ( ) (17)

where L, and |, are the set of the Delaunay variable in Equation (4). His the
Hamiltonian in equations from (9) to (16).We use Lie transform to solve our
problem [10] [11]. This method is one of the canonical perturbation methods
proposed to build successive canonical transformation for Hamiltonian systems
depending on a small parameter based on the consideration of Lie series and Lie
transform. The system of Equation (17) will be solved up to order three in secu-
lar terms by performing two successive canonical transformation

(L.L;e)—> (K1) and (I,L;¢)—> (I L) analyticin € at €=0 to eliminate
the short and long period terms, respectively from the Hamiltonian, where the

primes indicate the transformed variables. The transformed Hamiltonians are in

the form
H' (i bie) = Hs (L) + X, Hi (L) as)
H™ (i) =Hy (L) + 2, S H (L) 19)
With generators W and W™ expandable as
W(Ii,L;C):ano%wnﬁ-l(li'l‘i) (20)
W*(_’|27|37Li;e)ZZn:O%W:ﬂ(_’IZ’I?"Li) 21)

The algorithm for eliminating the short-period terms (Ze. those depending on
| andl, ) determining the new Hamiltonian H” and the generator W is
Zero order: H; =H,

First order: H, =H
L/3 ,
W, = " [H,di

Second order: H, =H,, +{H1 + Hf,Wl}S

3
W, =%j(H2p +{H, + Hl*,Wl}p)dI’

H; = HSS +{H2’Wl}s +2{H;’W1}s +{H1,W2}S

+{H W} —{{Hf,Wl},Wl}s

where the brackets represent Poisson bracket and subscripts s and p indicates

Third order:

the secular (averaged over || and I;) and periodic parts in |'. The remaining
long-period problem is then governed by a Hamiltonian depending only on (L',
G', H' and g). The second algorithm of canonical transformation to remove
the long-period terms (Ze. those depending on @') and determining the new

Hamiltonian H”~ and the generating function W" is given by
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Zero order: Hy" =H,
First order: H,"=H/
Second order: H," =H,
. L1oH

W= pre [H;,dg"

Third order:

HY = H -+ {HL W)+ 2(H7 W0 2{H WS —{(HT W wy

S

. 1oH!
27 306G

{{rs )} o

j(ﬂ4;mq}p+2{kgimg}p+2{H;m@}p

where the subscripts s and p indicates the secular (averaged over ') and the
periodic parts in g”. Finally, the remaining secular problem, being indepen-

dent of all angle variables. The elements of the short period are obtained from

L =1 +el* + 1ezli'2
21 (i=1234) (22)
g=u+d$+5&+gﬁ
where Ii’1 = % and |_i’1 = _%
oy ol
Ii’2 = [;VC/!Z + {Ii,llwl} and I-i’1 = _%"' { Lirznwl} (23)
i

the prime indicate the transformed terms. For the inverse transformations

I =1
17 =17+ 2{1", W, }
L=-L"
U
L =-L+2{L\W,} (24)

Similarly for the elements of the long period. The secular terms will obtained
from the substitution of the new transformed Hamiltonian H™ and H” in
Equations (18) and (19) into the Equation (17). These algorithms are actually
very simple, but calculating them by hand is laborious, therefore, all computa-

tions were carried out by computer program, using the algebraic manipulation
language MATHMATICA V10.

4. Third Order Solution

We employ the previous algorithms to obtain analytical expressions for the
short-period and long-period terms of the orbital elements; the solution is ex-

pressed in terms of the Delaunay variables. We obtain the following results.
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4.1. The Short-Period Terms

. Hu
Zero order: HS =—"— 25
0= (25)
. . 6,
First order: H; = Alw+ Ny Ly + N, Ly (26)

A . AR
W, = a,(f -1 fl+—= 2(f
e b ( +esin )+2 sin2(f +9)

(27)
+§sin(3f +2g)+esin( f +2g)}}

Second order: H, =H, +H, +H,, +Hy; + H,, + H;
where H,,, H, , and H,, are coming from Newtonian effect, H,, re-
presents the relativistic effect, H,, is coming from the solar radiation pressure,
and H,; is coming from GW

., AN 105, 15, 15 15 , 27 , 15
Hy=—43] —C ——C" +— +| ——C" ——C" +—
20 4 > 1 7137 4 > 2 Tls5

(28)
45 3
+(-27¢* +18¢* —3)n, +€° (_TC4 +24¢? _Ej 157 COS 29}
H, = A, {Sengss (1— 5¢* )} sing (29)
. 5 3
H,,=A, {(]_OSC4 —-90c” + 9)(57737 _Enssj

(30)

+e”(~105¢* +120¢” ~15) 75, cos 29}

. 15
Has :A23[37731_§7740j (31)
* 3 2

Ha = Ael'T, (32)

2
H, = AL {£1+%e2J%[cos(2h+ lyw + ) —cos(2h -1, — ;)

2
- A [sin(2h+1,, +a,)+sin(2h -, —az)}]{%%_%j

x(—%+2e2j[cos(2g +2h+1,, +ay)+cos(2g +2h—1,, — ;)] (33)

2
+[C——E 1 J(—%+ 2e2j[008(29 —2h+1,, +a)

+_
16 8 16

+cos(2g-2h-1,, —al)]}

where 7, = L'G™) (i and j are integers), and the corresponding generators

are
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—1m= n=0m=0

W, :i{zzqnmsm(nf +2mg)+( f —I)Zmemcos(nf +2mg)} (34)

I?t

{Zs:ibm cos(nf +(2m—1)g)+e( f —1)(155 ~125)7,sin g} (35)
W,, = 222 {ZZ msin(nf +2mg)+( f —I){(lOSc4 -90c” +9)

=lm=

(36)
x (g or —%nssj +e” (~105¢* +120¢” ~15)77,, cos 29}}

Wzsz%{?’ﬂol(f_I)_27710(E_|)} (37)

W,, =20 {Kl—lezjsin E-Zsin ZE}TC
U 2 4
3
+ (iez—ljcosE+ ® % leos2E T,
2 4 8

2
W, = AL {Kuéeﬂjsin E +%sin 2E —2esin E}%[cos(Zh +l+ )

(38)

(2h l,,, [sm (2h+1, +a2)+sin(2h—l4w—a2)]]

-co
1 2 ) . 1. .
—+2e° |SInE +=sin2E —2esin E
6 8 16 2 2

x[ (2g+2h+1,, +a1)+;cos(29+2h L al)}
~(1-¢?)2 [ZecosE—%cosE}[sin(Zg+2h+I4W+a1)

+sin(2g+2h -1, — ;) ]+ 2A, (1-€* )2 [ZecosE—%cosE}
x[cos(Zg+2h+l4w+a2)+cos(2g+2h—I4W—a2)

+cos(2g —2h+1,, +a,)+cos(2g - 2h -1, —az)]}

2
e e, 1 l+2e2jsinE+lsin2E—2esinE
16 8 16 2 2

x[cos(2g —2h+1,, +;)+cos(2g —2h -1, —a,) |

2 % L . (39)
+(1—e ) [ZecosE—EcosE}[sm(Zg—2h+|4w+0‘1)

+sin(2g-2h-1,, —%)J}}

where E'is the eccentric anomaly and the (b) coefficients are coefficients depend

on the eccentricity, ¢ and s (ie. the inclination) and these coefficients is

, ) a a a . . e
coming from the expansion of —, —cosf, —sinf in the Hamiltonian A
r r r
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Third order:

H; = A, {(1—5&)(%7735 —§n53j +§e2 (c® —1) 755 cos 29}

AlAzl {(1 3C7 ) (~457745 + 36755 — 2717, ) + {27e2 (1-¢*) 746

6(c -1 3e 3
+%(37735+37753—97744+3777)} COSZg+ A24 QLi(__TJTS(IélO)

—AL'n, {(2+ ez)g[—% [cos(2h+1,, +a,)+cos(2h -1, —az,)]]

¢ ¢ 1 . .
+| o [{-de(1-e” )2 (1-€)2 [cos(2g + 2 +1,, +at;)

2

1
+COS(29 +2h_|4w —al)]}+(C__£+i]{_4e(1_e2)2 (40)

x[ cos(2g - 2h+1,, +; ) +cos(2g - 2h -1, —al)]}}

This order represents the joint effects of the relativistic effect and the solar
radiation pressure and GW effects, TS’(|4O) is the differentiation of T, with
respect to l,,. From the generators W, and W, we can determine the ele-
ments of the short-period transformation and its inverse according to the Equa-
tions (22) and (23).

4.2. The Long-Period Terms

We now proceed to performing a second canonical transformation to eliminate
g’ h', 1,1, (the argument of perigee, the longitude of node and the augmenta-
tion variable of the mean motion of the Sun n, and the frequency of the gravi-
tational waves n,) from the Hamiltonian. This transformation contains the
long-periodic perturbations, whereas the secular terms will be derived from the
canonical equations of motion and the final Hamiltonian H™ . For the simplic-
ity of writing we dropped the primes.

2

ok ,Ll
Zero order: H =—— 41
0 e (41)

. d . ok 00
First order: H, :A1I_3_Ga (42)

Second order:
w A 105, 15, 15 15 , 27 , 15
H20=? —TC —?C +I My + —ZC —?C +Z Mss
(43)
+(-27¢* +18¢” -3) 7745}

H, =0 (44)
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. 5 3
H;, = A, {(105c -90c? + 9)( g =5 s sj} (45)
. 15
Hos = Ay [37731 _Enmj (46)
H,, =0 (47)
H, =0 (48)

The corresponding generators coming from the Newtonian effect, the relati-

vistic effect, the solar radiation pressure effect and gravitational waves effect are

respectively
W,y :%wmﬁsin 29 +iesn01 cos g
U 40c” -8 2A (49)
A, -35c* +40c* -5 .
+—E 1, Sin 29
A 40c” -4
W, =0 (50)
W, 3A2“eL2{ %1+c 1+6,)sin(g+h-1,)
1+c)(l 6,)sin(g+h+1,)
—c)(1+6,)sin(g—h+l,) (51)
—c)(1-6,)sin(g—h-1,)
—lssine{sin(g—I45)—sin(g+l45)}
2
. 1A c 1) 1 .
W = 5 14 b ——+2e2j sin(2g +2h+1,,, +
SR {[16 ot fanizg e ane )
: ¢ c 1) 1
+sin(2g+2h =1, ;) [+ = —=+— || —=+2¢? 52
(29 o= t)] [16 8 16}( 2 j 52
x[sin(ZQ—2h+l4w+a1)+sin(29—2h—I4W—a1)]}
Third order: H; =H, +H, +H.o +H.,
where
- 3 5
Hyr = A3{(1—3c2)[zf735 —57753]}
(53)
A1A23 {(1 3C )(—457735 +367753 - 277744 )}
2 3 2
H;:_z—“ e+ S—(1+cé)czsin2e
64 n, 2) 2
(54)
_E(E_EJ[@ C ) (1- c) (1—co)2(1+c)2—4szsineJ}
4le 2
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H., =0 (55)

3sr

ke

H,, =0 (56)

3sw

The relativistic generator, the solar radiation pressure generator and the ge-
nerator of the joint effect of the relativity with the solar radiation pressure and

the joint effect of the solar radiation pressure with GW will be respectively

W zﬁ{L_l))%}sng P {M

A | 48(5¢” -1 2(5¢% -1)

(- (3170 + 37 —~ 970 + 3110, )
7= (377es *+ 3177 — 7 + 3

32 (5C2 _1) 69 87 78 10,4
—;(—1&;%1&:2—1)7701 sin2g (57)
8(5¢” 1)

AﬂAza{ es }
+ - Ccos

A7 | 10c2 2 [0

A 1 i
F?{umzﬁ“w“mgﬂm%mm

—%ssine{sin(g —lis)—sin(g +|4S)}}

2
+i24{2§:_221:_21\1nm sin(nh+ml,,) (58)

No

+A

sin(29+nh+ml4s)}, m=0,+1, n=0

2nm

W, = 9 AZ;AZ“ en12{4(1+ c)(1+ ao)sin(g +h—1,)

2rs 4 2
1+c )(1-6,)sin(g+h+1,,)
—c)(1+6,)sin(g—h+1,,) (59)
-o)(

1-6,)sin(g—h-1,)

i ssme{sm sm(g+|45)}}

25w

W, gm {4(1+ c)(1+6,)sin(g+h—1,,)

+%(1+c)(1—9@)sin(g +h+ly)

Lae)(aeo sin(o )

1

+Z(1—c)(1—90)sin(9 —h-1l)
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+%Ssin€{sin(g ~1,;)-sin(g +'4s)}}{[%+%_%j

x[—%+2ezj[sin(29 +20+1,, + o) +sin(2g +2h -1, - ) |

¢c ¢ 1 1 .,
———+— || =—=+2e° || sin(2g —2h +1 60
+[le 8+16J[ 2" )[ 2020+l +cr) (©0)

2
+sin(2g-2h-1,, —al)}+(1+%e2)%[cos(2h+l4w +a)

—cos(2h -1, —a)— A [sin(2h+1,, +a,)+sin(2h-1,, —az)]]}

The elements of the transformation may be obtained from Equations (22), (23)
and (24), replacing W, by W,, (I;,L;) by (I},L;) and (If,L}) by (If,L])
with Ij :(I,g,h,|4o,|4w) and LJ- :(L,G,H,L4O,L4W). Since the relativistic ge-
nerator W,, depends on the angle variables (L,G,H,qg), the solar radiation
pressure generator W;S depends on (L,G, H L0 h,|4o) ; the generator of
their joint effects W,,, depends on (L,G, H,L. 9.0l 40), and the generator of
joint effect of solar radiation pressure and gravitational waves W,,, depends on
(L,G,H,L,,.9.h1,,) then we found that there is long-period perturbation in
all elements of the orbit due to the relativistic effect, the solar radiation pressure
effect, and the joint effect of solar radiation pressure and gravitational waves,

except the semi-major axis.

4.3. The Secular Terms

Now both short and long-period terms have been eliminated, the new Hamilto-
nian H™ contains no angular variables (1,9,h,l,.,1,,), therefore according to
Equations (53), (54), (55), (56), and (17), the action variables L",G",H" are
constants (consequently the semi-major axis a, the eccentricity e, and the incli-
nation 7 have no secular effects due to the joint of relativistic effect and solar
radiation pressure effect and the joint effect of SRP and GW), and the angular
variables 1”,9",h" (have secular effects due to the joint effect of SRP and GW)

are expressed in the form

I'=17 +ct (61)
where
dl, oH™
Ci =—=
dt oL’

5. Conclusion and Discussion

In this work, we analyze analytically and investigate the coupling effects between
solar radiation pressure and gravitational waves. All calculations of the short-
period, and long-period were obtained up to the order three in J, (earth’s
zonal harmonic), which represents the coupling between the relativistic effect

and the influence of direct solar radiation pressure and the coupling between
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solar radiation pressure and the influence of gravitational waves. The present
work concerned only with the terms arising from solar radiation pressure effects
and its coupling with gravitational waves effects. We found that these effects
cause second order long-period perturbations in all the elements of the sun-
synchronous orbit except the semi-major axis, and short-period perturbations
from the second order in all the elements of the orbit (the eccentricity, inclina-
tion, ascending node, argument of perigee, and semi-major). The secular per-
turbations will be in the Q, . Consequently these perturbations will cause dis-
turbance in the sun-synchronism. Also we found that the perturbation or the
behavior of gravitational waves almost the same as the perturbation or the beha-
vior of solar radiation pressure and their coupling will incorporate the sun-syn-
chronism through the secular rate of the ascending node precession. The above
perturbation properties provide the good and interesting results for studying
gravitational waves through its coupling effects with solar radiation pressure and

also for the precise determination of satellite orbit.
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