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ABSTRACT

In this paper, closed forms of the sum formulas > 7_,«*W2, S°¢_ 2*Wi W, and
> r—o z* Wi, 2 Wy for the squares of generalized Tribonacci numbers are presented. As special
cases, we give summation formulas of Tribonacci, Tribonacci-Lucas, Padovan, Perrin numbers and
the other third order recurrence relations. We present the proofs to indicate how these formulas, in
general, were discovered. Of course, all the listed formulas may be proved by induction, but that
method of proof gives no clue about their discovery. Our work generalize third order recurrence
relations.
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1 INTRODUCTION

The generalized Tribonacci sequence {W,,(Wy, W1, Wa; 7, s,t) }n>o (or shortly {W,},>0) is defined
as follows:

Wn =1Wpho1 4+ sWh_o +tW, _3, Wo=a, Wi =bWa=¢c, n>3 (11)

where Wy, W1, Wa are arbitrary complex numbers and r, s, ¢t are real numbers. The generalized
Tribonacci sequence has been studied by many authors, see for example [1-15].

The sequence {W,}..>0 can be extended to negative subscripts by defining

s r 1
W_n = _gwf(nfl) - wa(n72) + zwf(nf‘f»)

forn =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

In literature, for example, the following names and notations (see Table 1) are used for the special
case of r, s, t and initial values.

Table 1. A few special case of generalized Tribonacci sequences

Sequences (Numbers) Notation OEIS [16]

Tribonacci
Tribonacci-Lucas

{Tn} = {Vn(ovlyl;lvlvl)
{Kn} = {Vn(37153717171)

—

A000073, A057597
A001644, A073145

third order Pell (P} = {Vn(0,1,2;2,1,1)} A077939, A077978
third order Pell-Lucas {QPY = {V.(3,2,6;2,1,1)} A276225, A276228
third order modified Pell {EPY = {V,(0,1,1;2,1,1)}  A077997, A078049
Padovan (Cordonnier) {P.} ={V.(1,1,1;0,1,1)} A000931
Perrin (Padovan-Lucas) {En} ={Va(3,0,2;0,1,1)}  A001608, A078712
Padovan-Perrin {S»} ={V.(0,0,1;0,1,1)}  A000931, A176971
Pell-Padovan {R.} ={V.(1,1,1;0,2,1)}  A066983, A128587
Pell-Perrin {Crn} ={Va(3,0,2;0,2,1)}
Jacobsthal-Padovan {Qn} =1{Vn(1,1,1;0,1,2)} A159284
Jacobsthal-Perrin (-Lucas) {L.} ={Va(3,0,2;0,1,2)} A072328
Narayana {Nn} ={Va(0,1,1;1,0,1)} A078012
Narayana-Lucas {Un} ={Va(3,1,1;1,0,1)} A001609
Narayana-Perrin {Hn} ={Vx(3,0,2;1,0,1)}
third order Jacobsthal (I} = {V(0,1,1;1,1,2)} A077947
third order Jacobsthal-Lucas {j,(f')} ={Va(2,1,5;1,1,2)} A226308
3-primes {Gn} ={Va(0,1,2;2,3,5)}
Lucas 3-primes {H»} ={Va(3,2,10;2,3,5)}
modified 3-primes {En} ={V.(0,1,1;2,3,5)}

Here OEIS stands for On-line Encyclopedia of Integer Sequences. 3-primes, Lucas 3-primes and
modified 3-primes sequences can also be called (named) as Grahaml, Grahaml-Lucas and modified
Grahaml sequences, respectively, see [17].

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples
are

n

1 n
D (DT = (=D (Tnys = 2T3 40 + 31041 — 201 Tus) — 1)
k=0
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and

n

> (DN =

k=0

Wl =

((=n* (N72L+3 - 2N3+2 + 2N3+1 —2Np4+3Npt1 +2Npt2Npt1) — 1).

In this work, we derive expressions for sums of second powers of generalized Tribonacci numbers.
We present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence

sums of second powers

sums of third powers  sums of powers

Generalized Fibonacci
Generalized Tribonacci
Generalized Tetranacci

[32,33]
[34,35]

[18,19,20,21,22,23]

[24,25,26,27,28] [29,30,31]

2 AN APPLICATION OF THE
SUM OF THE SQUARES OF
THE NUMBERS

An application of the sum of the squares of the
numbers is circulant matrix. Computations of
the Frobenius norm, spectral norm, maximum
column length norm and maximum row length
norm of circulant (r-circulant, geometric circulant,
semicirculant) matrices with the generalized m-
step Fibonacci sequences require the sum of
the squares of the numbers of the sequences.
For generalized m-step Fibonacci sequences see
for example Soykan [36]. If m = 2,m = 3
and m = 4, we get the generalized Fibonacci
sequence, generalized Tribonacci sequence and
generalized Tetranacci sequence, respectively.

Co 1 C2
TCn—1 Co C1
TCn—2 TCn-1 Co

Next, we recall some information on circulant
(r-circulant, geometric circulant) matrices and
Frobenius norm, spectral norm, maximum
column length norm and maximum row length
norm.

Circulant matrices have been around for a
long time and have been extensively used in
many scientific areas. In some scientific areas
such as image processing, coding theory and
signal processing we often encounter circulant
matrices. These matrices also have many
applications in numerical analysis, optimization,
digital image processing, mathematical statistics
and modern technology.

Let n > 2 be an integer and r be any real or
complex number. An n x n matrix C, is called a
r-circulant matrix if it of the form

Cn—2 Cn—1
Cn—3 Cn—2
Cn—4 Cn—3
TCn—1 Co

nxn

and the r-circulant matrix C. is denoted by C, = Circ-(co,c1,...,cn—1). If = 1 then 1-circulant
matrix is called as circulant matrix and denoted by C = Ciirc(co, c1, ..y Cn—1).

e Circulant matrix was first proposed by Davis in [37]. This matrix has many interesting properties,
and it is one of the most important research subject in the field of the computational and pure
mathematics (see for example references given in Table 3). For instance, Shen and Cen [38]
studied on the norms of r-circulant matrices with Fibonacci and Lucas numbers.
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e Then, later Kizilates and Tuglu [39] defined a new geometric circulant matrix as follows:

Co Cc1 C2 e Cn—2 Cn—1
rCn—1 Co C1 e Cn—3 Cn—2
2
Crx = T Ch—2 TCn—1 Co s Cn—4  Cn-3
e ™ 2ey ™33 o0 renoa co

nxn

and then they obtained the bounds for the spectral norms of geometric circulant matrices with
the generalized Fibonacci number and Lucas numbers.

¢ When the parameter satisfies » = 1, we get the classical circulant matrix. See also Polatli [40]
for the spectral norms of r-circulant matrices with a type of Catalan triangle numbers.

The Frobenius (or Euclidean) norm and spectral norm of a matrix A = (aij)mxn € Mmxn(C) are
defined respectively as follows:

m n 1/2 1/2
4l = (ZD% ) and ., = max [x)

i=1 j=1

where \; s are the eigenvalues of the matrix A*A and A" is the conjugate of transpose of the matrix
A . The maximum column length norm ¢;(.) and the maximum row length norm r(.) of an matrix of
order n x n are defined as follows:

o 2 _ 2
e1(4) = max (2'“” ) and r1(4) = max (2|alj| > .
1= j=

The following inequality holds for any matrix A = M,,x»(C):
L
vn

Calculations of the above norms ||A|| ., ||A|l, , c1(A) and r1(A) require the sum of the squares of the

numbers a;;. As in our case, the numbers a;; can be chosen as elements of second, third or higher
order linear recurrence sequences.

Al < [IAlly < [[Allf -

In the following Table 3, we present a few special study on the Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm of circulant (r-circulant, geometric
circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3, 4).

Table 3. Papers on the norms

Name of sequence Papers
second order| second order]
Fibonacci, Lucas [41,39,42,43,44,45,46,38,47,48,49,50]
Pell, Pell-Lucas [51,52]
Jacobsthal, Jacobsthal-Lucas [58,54,55,56]
third order| third order|
Tribonacci, Tribonacci-Lucas [57,58]
Padovan, Perrin [59,60,61]
fourth order] fourth order)
Tetranacci, Tetranacci-Lucas [62]
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Also linear summing formulas of the generalized m-step Fibonacci sequences are required for the
computation of various norms of circulant matrices circulant matrices with the generalized m-step
Fibonacci sequences. We present some works on summing formulas of the numbers in the following
Table 4.

Table 4. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [63],[64,65]
Generalized Fibonacci [66,67,68,69,70]
Generalized Tribonacci [71,72,73]
Generalized Tetranacci [74,75,76]
Generalized Pentanacci [77,78]
Generalized Hexanacci [79]

3 MAIN RESULT

Theorem 3.1. Letx be a complex number. If A = (—tx> + sz +rte® 4+ 1) (r?z — s22? + 203 4 252+
2rtz? — 1) # 0 then

(a)
D p— = :
— (—t2x3 + sz + rtx? + 1)(r2x — s222 + 223 + 28z + 2rtz2 — 1)’
(b)
- A
k 2
%% =
kzzom b1 Wi (—t22® + sz + rtx? + 1)(r2x — s2z? + t228 + 2sx + 2rtz? — 1)’
(c)
- A
k 3
Wi oW =
;)x FEE T (C2a3 + sw + rta® + 1) (r2x — $202 + 223 + 257 4 2rta® — 1)
where
Ay

= "B 4 sz +rta® — 1)W2, 4
—2" (x4 20 4 sz + 2Pt 4 rta® 4+ rPsa® + e 4 2rsta® — )WL,
2% %0 4 se 4+ PRt
+8%822° + ria® + risa? + rita® + drsta® — rsPtat — 1)W5+1
+ 4+ 2°(t%2® + sz + rta® — 1)W3

tz(rie 4+ 72" + sz 4+ r’t’z* +rtx® + rPsa® 4 r’ta® + 2rsta® — D)WT

+(r2:c + s°2° — s°2® + t°2® 4 sz 4+ et + 2P + rta®

+r2sa® + rita® + drsta® — rs*tat — 1D)WS

N (r+tz)(s+ rtx)WyotsWhyo + 2x"+4t(r + sth)Wn+3Wn+1
—22" 4 (sz — 1) (s + 712) Wi o Wiyt — 22°(r + ta) (s 4 rtx) Wa W,

—2ta® (r + sta®)WaWo + 2zt (sz — 1) (s + rtx) Wi Wy

1.2 2
—z" T (P + sz
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and

and

Az

Ao

"3 (r + sth)WT%+3 + 2"t +rs)(s+ rtx)W72L+2 + a2 (r 4+ stm2)W5+1
—2"2(r2x 4 5222 4+ 1223 + 2rstad — 1)W1 3Wiao

+2" 3% — s22% — 1222 + D)W 3Wiaa

" 2z 4 $%0? — 303 4+ 1223 + se + rta? + r?sa? + r3ia®

—rt325 — st2zt + 2rsta® — rs2tzt — DWhyoWhy1 — 2 (r+ stacQ)WQZ

—23(t +78)(s + rtx)WE — 362 (r + sta®)WE + z(r?c + s22? + 223 + 2rsta® — 1)WaWy
—a:2t(r2m — 8222 — 223 + 1WaWo + (7"255 + 8222 — 328 + 222 + sz

trtx? + r2sz? + r3ta® — rtd2® — st?zt + 2rsta® — rsZtzt — W1 W

"3 (s — Pr 12 + rtz)W,3+3 + 2" 2(s — 2z + 2223 — r2sz + rt32t — rszt:r3)W3+2
4"t 42 (s — 2z 4+ 1% + rt:p)WTQL_H — 2" P2 (r 4 ta) (r?z — 5222 + %23 — D)W 3Wiga
—$"+1(7‘2z + 8222 — 323 + 223 + sz + r?sx? — st?zt + 2rsta® — DWht3Whi1
42" T2 (sz — 1) (122 — s22? + 223 — )W 2aWht1 — 22(s — sz + 72 + rta) W3

+a(—s + 52z — 72823 4+ r2sz — rtdat 4 rs?tad)WE — 232(s — s2x + 12 + rta) W

+z (r 4 ta) (rPz — s22? + t22® — 1)WaWy

+(r2z 4 2% — 322 4 203 + sw + r2s2? — st2at + 2rsta® — 1)WaWo

—at (sz — 1) (r2x — s%2? + 223 — D)WL W,

Proof. First, we obtain >_7_, W}. Using the recurrence relation

or

i.e.

Wits = rWihto + sWht1 +tW,

tWy = Whis —rWihgo — sWiga

2372 2 2 2 2 2 2
tWo = (Wyyz —1mWyio —sWpi1)” = Wn+3 +riWoio+s Wn+1 —2rWy 4 3Whio —2sWy 3Wiy 1 +2rsWiy oWy 41

we obtain
t2an12l
t2xn7 1 W2

n—1

2 n—2 2
t“zx W, _o

2 2.2
tTx" W3
2ol w2

2_0qyx,2
tz Wy

an72l+3 + r2z7lWZ+2 + 22" WSJrl — 2rz"Wn+3Wn+2 — ZSIan+3Wn+1 + 2rsz™ WhnpoWpnit
-1 2 2 —1 2 2 -1 2 —1

z" Wiio+r ™ Wii1+s " T IWy = 2ra" T T Wy o Wyt

—2sg" 71 WhpaoWp + 2rsz7l71Wn+1 W,

2 n—2

-2 2 2 2 n—2
z" Wn+1+rm W, +s z"

W2 | —2ra" T 2W, W,

—252" AW, W1 4 2rsa” W, W,y

$2W52 + rzrzZWf + s2ac2W32 — 2T$2W5W4 — 2312W5W3 + 2rsac2W4W3
11W42 + r211W32 + 3211W22 - 27‘IIW4W3 - 2511W4W2 + 2T811W3W2

zOW32 + r210W22 + S2IL‘OW12 — 27‘(1:0W3W2 - 250:0W3W1 + 2'rszOW2W1

If we add the equations by side by, we get

n n+3 n+2 n+1
k k— k— k—
t22x w2 = Za: 3W;§+7‘22m 2W;§+S2Zl‘ wi (3.1)
k=0 k=3 k=2 k=1
n+2 n+1 n+1
—2r Z IkiQWkJFka — 2s Z $k71Wk+2Wk + 2rs Z $k71Wk+1Wk
k=2 k=1 k=1
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Next we obtain >~7_, Wi41Wy. Multiplying the both side of the recurrence relation
th = Wn+3 - TWn+2 - SWn+l

by W41 we get
th+1Wn = Wn+3Wn+1 - TWn+2Wn+l - 5W3+1~

Then using last recurrence relation, we obtain

2
tInW7L+1Wn = onn+3Wn+1 — ’I“QZHWYH_QW”.H — anWnJrl
" WoWno1 = 2" "WagaWan — 2" Woga Wy — sz W2
2" P Wi Whea = 2" 2 Wpgi W1 — 12" 2 Wy W1 — sz 2W2_,
2 2 2 2 2
tx W3W2 = X W5W3 —Trr W4W3 — ST W3
taWoWy = aWaWs — raWsWy — szWi

t2®WiWo = z°WsWy — ra®WoWy — s2® Wi

If we add the equations by side by, we get

n n+1 n+1 n+1
t Z CL‘kaJerk = Z $k71Wk+2W1€ -7 Z $k71Wk+1Wk — S Z :r’“lW,?. (32)
k=0 k=1 k=1 k=1

Next we obtain >~7_, Wi2Wi. Multiplying the both side of the recurrence relation
th == Wn+3 - rWn+2 - 3Wn+1

by W,,+2 we get
th+2Wn - n+3Wn+2 - TWEJ,—Q - 5Wn+2Wn+1~

Then using last recurrence relation, we obtain

tr" WyoWn = 2" WigsWaio — 12" Wiis — sz Wit 2 Wi
te" T Wi Woor = 2" WagaWagr —ra™ Wiy — s2™ Wy W
" 2 WoWaes = 2" *WasiWa — rz" 2W2 — sz" W Wn_1
P WaWse = 2®WsWy — rz® Wi — s WalWs
' WaWy = ' WaWs —rz' Wi — sz WaWs
t®WoWo = a®WsWa — ra® W3 — sa® W

If we add the equations by side by, we get

n n+2 n+2 n+1
tz mka+2Wk = Z {Ek72Wk+1Wk —-Tr Z $k72W1€2 — S Z xk71Wk+1Wk (33)
k=0 k=2 k=2 k=1

Solving the system (3.1)-(3.2)-(3.3), the results in (a), (b) and (c) follow.

4 SPECIFIC CASES

In this section, for the specific cases of x, we present the closed form solutions (identities) of the sums
S o W S @ Wi Wi and Yo7 Wi 2 W, for the specific case of sequence {W, }.
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41 Thecasezr =1

In this subsection we consider the special case x = 1. See also [33] for some third order recurrence
relations (with the sum starting from 0).

Taking r = s =t = 1 in Theorem 3.1, we obtain the following Proposition.

Proposition 4.1. Ifr = s =t = 1 then forn > 0 we have the following formulas:
(@ >, Wi = i(—Wi+3 - 4W3+2 - 5W3+1 AW,y sWhgo + 2Woi s Wiyt + W3 +AWE +5WE —
AW, W — 2WaWy).

(b) > r o Wit i Wi = §(Wiis +2Wi o + Wit —2WoisWhyo — 2Wo oWy — W3 —2W7 — W5 +
2WoWq + 2W1W0).

(©) Do WhiaWy = i(Wg-;-S + Wr%-y-l — 2Woy 3 Wiyt — W3 — W§ + 2WaW).

From the above proposition, we have the following Corollary which gives sum formulas of Tribonacci
numbers (take W,, = T,, with T, = 0,71 = 1,7, = 1).

Corollary 4.2. Forn > 0, Tribonacci numbers have the following properties:
(@ > o TP = i(_Tz+3 - 4T’3+2 - 5Tn2+1 + 4T 43T h+2 + 2143041 + 1).
() i o To1Th = (T3 + 2T 0+ Tip1 — 2Tng8Tns2 — 2T 02 Tngr — 1).
(c) EZ:O Tk+2Tk = i(T5+3 + T;,%Jrl — 2Tn+3Tn+1 — 1)

Taking W,, = K,, with Ko = 3, K1 = 1, K2 = 3 in the above Proposition, we have the following
Corollary which presents sum formulas of Tribonacci-Lucas numbers.

Corollary 4.3. Forn > 0, Tribonacci-Lucas numbers have the following properties:

(@ >Sr o Ki=1(—K23—4K} o —5Kp 1 + 4K ni3Kngo + 2KnisKnq1 + 28).
(b) Y7o Kis1Ke = 3(K2y3+2K2 0+ Kiiy — 2Kni3Knqo — 2Kn2Kny1 — 8).
(©) Yp o KiroKk = 2(Knis+ Knyi — 2Kni3Kni1).

Takingr =2,s =1,t = 1 in Theorem 3.1, we obtain the following Proposition.

Proposition 4.4. Ifr =2,s=1,t = 1 then forn > 0 we have the following formulas:
@ Yr Wi =s(—Weais—10W7 1 —OW7 o+ 2Wo ysWa i1 +6Wo sWo o+ W3 +9WE +10W5 —
6WaW1 — 2WoWy).

(b) > Wi Wi, = %(W3+3 +3W2 o + W2 — 3WaiaWaga + WairsWiit — 6Wopa Wit —
W22 — 3W12 — W02 + 3Wa W1 — WaWy + 6W1W0).

(©) 7 o WiraWi = 32Wiis +2W2i 1 — 3WnysWago — AWy sWig1 — 2W5 — 2W5 + 3Wo Wi +
AW, Wy).

From the last Proposition, we have the following Corollary which gives sum formulas of Third-order
Pell numbers (take W,, = P,, with P, =0, P, = 1, P, = 1).

Corollary 4.5. Forn > 0, third-order Pell numbers have the following properties:

@ > oPr=4(=Plis—10P2 1 — P20+ 2Pny3Pay1 4+ 6PnysPoya + 1).
(b) > o Per1Pr = %(P3+3 + 3P3+2 + P3+1 —3Py43Pnt2 + PpoysPay1 — 6PyyoPryr — 1).
(©) Yr_oPreraPr = (2P 5+ 2P —3Pui3Pny2 — 4P, 3P i1 — 2).
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Taking W,, = Q. with Qo = 3,Q1 = 2, Q2 = 6 in the last Proposition, we have the following Corollary
which presents sum formulas of third-order Pell-Lucas numbers.

Corollary 4.6. Forn > 0, third-order Pell-Lucas numbers have the following properties:

@ >, Qr = é(— 31,+3 - 10Qi+1 - 9@72z+2 +2Qn13Qn+1 + 6Qn13Qni2 + 54).
(b) > o Qrr1Qr = 2(Qnis +3Q0 12+ Qi1 — 3Qn13Qnt2 + QnisQni1 — 6Qni2Qni1 — 3).
(©) YohoQri2Qr = $(2Q7 45 +2Q7 11 — 3Qn+3Qn+2 — 4Qn13Qni1 + 18).

From the last Proposition, we have the following Corollary which gives sum formulas of third-order
modified Pell numbers (take W,, = E,, with E; =0, E; = 1, E> = 1).

Corollary 4.7. Forn > 0, third-order modified Pell numbers have the following properties:

@ > oEi=3%(-Eiis—10E. 1 —9E7 5+ 2Eni3Eni1 + 6En 3Fn 2 +4).

(b) S o Exs1Ex = 3(E2i3+3Es o+ Eny — 3Eni3Enio + Eni3Fny1 — 6Eni2Eniy — 1),
(©) Yr o Exi2Er = $(2ER 3+ 2E3 1 —3En 3En 2 — 4B, 3En 1 + 1),

Taking r = 0,s = 1,t = 1 in Theorem 3.1, we obtain the following Proposition.

Proposition 4.8. Ifr =0,s = 1,t = 1 then forn > 0 we have the following formulas:

(@) Yp o Wi = —Wiis — Wi —2Wai 4 2WaysWapr + 2WesWoga + W3 4+ WT 4 205 —
2WoWy — 2WoWy.

(b) > r o Wit i Wi = W s+ Wiia+ Wi =Wy sWapo = Wi sW o = W3 = WP = W5+ W Wi +
WaoWs.

(c) ZZ:O WiroWi = Wi aWigpo — WolW7.

From the last Proposition, we have the following Corollary which gives sum formulas of Padovan
numbers (take W,, = P, with Py =1,P, =1, P, = 1).

Corollary 4.9. Forn > 0, Padovan numbers have the following properties:
@ > 5 Pl=—-P2 4— P2 ,—2P2  + 2Py 3Pni1 +2Pui3Pogo.

(b) >n_oPer1Pe=Piis+ Piio+ Piit — PuysPays — PoysPoyi — 1.
(c) Z::O Pk+2Pk = Pn+3Pn+2 — 1.

Taking W,, = E,, with E, = 3, E1 = 0, E2 = 2 in the last Proposition, we have the following Corollary
which presents sum formulas of Perrin numbers.

Corollary 4.10. Forn > 0, Perrin numbers have the following properties:

(@ >r  Ei=-FE}3—Ei s —2E2 . +2E0 3Bt + 2En43En42 + 10.
(b) Y Exi1Ex=FEl3s+Es o+ Eryy — EnysEnya — BnysEny1 — 7.
(c) ZZ:O ExioEBy = Enisbnya.

From the last Proposition, we have the following Corollary which gives sum formulas of Padovan-
Perrin numbers (take W,, = S,, with Sp = 0,51 = 0,52 = 1).

Corollary 4.11. Forn > 0, Padovan-Perrin numbers have the following properties:

(a) ZZ:O Sl% = 75721-&-3 - Sr2z+2 - 25721+1 + 2Sn+3sn+1 + 2Sn+35n+2 + 1.
(b) > %o Sk+1Sk = Sr s+ Shio+ 8211 — Sn43Snt2 — SntsSni1 — 1.
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(€) > i o Skt+25k = Sny3Snia.
Taking »r = 0,s = 2,t = 1 in Theorem 3.1, we obtain the following theorem.
Theorem 4.12. Ifr =0,s = 2,t = 1 then for n > 0 we have the following formulas:

@ Yho Wi = (n+ 1) Wis+ Cn+9) Wi+ 2n+11) Wiy —4(n+5) WypaWaio — 4
(N4 6) WiniraWai1 + 4 (n 4 6) WypaWiy1 — OWF — TWE — OWE + 16Wo Wy + 20WaWo —
200, Wo).

() S Wi iWie = 3(—2(n+5) Wri3—2(n+4) Wio—2(n+6)W2i+(4n+ 19) Wy s Wi+
(4n + 23) Wi sWit1 — (4n 4 23) Wo oW1 4+ 8W3 +6W7E + 10W5 — 15Wo Wy — 19WoWo +
19W1 Wo).

(€) S r o WipaWi =22 +5)Wris+2(n+4) Weio+2(n+6) Wi —(An + 17) Wi ysWoo —
(4n 4+ 23) WinaaWia1 + (4n + 21) W o W1 — 8WE — 6WE — 10W§ + 13Wa Wy 4+ 19Wa W, —
17TW1iWo).

Proof.

(a) We use Theorem 3.1 (a). If we setr =0,s = 2,t = 1in Theorem 3.1 (a) then we have

2 g1(z)
ZWk (- (x+ ) (~r+22-1)(=3x+z2+1)

where
gi1(z) = (—(13 + 2z — 1)zn+3W72l+3 — (13 + 2z — I)ZWH'QW?L+2 — (415 — 723 + 42% + 22 — l)zn+1W721+1
+42 " TIW, s W o + 42" FOW, s W 11 — 420 — 12" T W, oWy + 22 (2% + 20 — 1)WS

+z(e® + 20 — VW] + (42° — 72® + 42 + 20 — HYWE — 42 Wo Wy — 4> Wo W + 4(2z — 1)z W1 Wo)

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule. Then we get

2 4 (g1(x))
;Wk @Dt ) (—z+a? - 1)(3z+ a2+ 1))|

=1
1
= (@ +11) Weis+@n+9) Wi+ n+11) Wiy —4(n+5) WaisWiie

—4(n+6) Wi 3Whni1 4+ 4 (n+6) Wy ioaWyni1 — IWs — TWE — 9WE + 16WaW)y
+20Wo Wy — 20W1W0).

(b) We use Theorem 3.1 (b). If we set r =0,s = 2,¢ = 1 in Theorem 3.1 (b) then we have

. 02(2)
Wi i Wi =
kZ:O k+1 Wk _(x—l)(m—Fl)(—x-f—x?_1)(_3m+x2_~_1)
where
g2(z) = (2x2x"+3W5+3 + 2In+4WZ+2 + 235295TL+4I/V3-&-1 - (:EB +4z? — 1)x"+2Wn+3Wn+2

—(2® +42® — )" PWoaWot + (22" + 72° — 42® — 224+ )2 M W, oW
=20 W35 — 20 WP — 20°WE + w(a® + 42® — D)WWy + (2° + 42® — 1)2° W W,
—(2z* + 72® — 42® — 22 + D)WL W)
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For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule. Then we get

i Wi Wy = a5 (92(2))
k=0 +1 A(—(x D@+ D(—z+e2 —1)(-3z+22+1)| _,

1
= (2 Wiig =2t )Wy —2(n+6) Wiy + (40 +19) Wiy 3Wn o

+(4n +23) Wy 3 Wy — (4n + 23) Wy oWy 11 + 8W3 + 6WE + 10W7
—15Wa Wy — 19Wa Wy + 19W1 Wo).

(c) We use Theorem 3.1 (c). If we set r = 0,s = 2,¢t = 1 in Theorem 3.1 (c) then we have

S g3(z)
Wiso Wi =
kzzo PR T @ D)@+ D)(—z+ 2% — 1)(—3z + 22+ 1)
where
gs(2) = (—(4z— 22" T W2 0 — 2" TP e — )W 1y — 2" T e — )W 4 (—2® 42 + 1" PP W W

+(2(L‘4 +70% — 42 — 22 + 1)wn+1W”+3Wn+1 — (22 — 1) (71'3 + 422 + 1) ;L'"+2W.,L+2Wn+1
+(4x — 2)2° Wi + z(de — 2)WE 4+ (4o — 2)> W — (—2® + 42% + DWWy
— (2% + 72% — 42% — 20 + YW Wy + 2(22 — 1)(—2° + 422 + 1)W; Wy)

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

L (g3(2))
E(—E@-DE+D(—z+22-1)(-3z+22+1)| _,

n
D WigaWy =
k=0

1
= e (n+B)W. g +2(n+4) W2 5 +2(n+6) W2 | — (4n+17) Wn i3 Wi

— (4n 4 23) Wiy 3Woi1 + (4n + 21) W, oWy 1 — 8W3 — 6W] — 10WS
F13Wo Wy + 19WaWo — 17W1 Wo).

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan
numbers (take W,, = R, with Qo = 1,R; = 1, Ry = 1).

Corollary 4.13. Forn > 0, Pell-Padovan numbers have the following properties:

(@) YioR: = 3(2n+11) R s+ (2n+9) R + 2n+ 1) Rhy — 4(n+5) RugaRyi2 — 4
(n+6)RuisRnt1 +4(n+6) Ruy2Rnt1 —9).

(b) i o Rir1Ri = 5(—2(n+5)Rh3—2(n+4)Riyo—2(n+6) Ry + (4n +19) RuysRoso +
(417, =+ 23) Rn+3Rn+1 — (47’L + 23) Rn+2Rn+1 =+ 9)

(€) Xi_o ResaRy = 5(2(n+5)Riys +2(n+4) Ry s +2(n+6) Riyy — (4n+17) RutsRygz —
(417, +4 23) Rn+3Rn+1 =+ (47’L + 21) Rn+2Rn+1 — 9)

Taking W,, = C,, with Cy = 3,C1 = 0,C2 = 2 in the last theorem, we have the following corollary
which presents sum formulas of Pell-Perrin numbers.

Corollary 4.14. Forn > 0, Pell-Perrin numbers have the following properties:

(@ SR oCh = 3((@n+11)Cl 3+ (2n+9)Cl o + (2n+11)C} ) —4(n+5)Cry3Cniz —4(n+6)CrysCryir +
4(n+6)CpniaCnyi1 +3).

(b) TN _Cri1Ck = 3(—2(n+5)C2 3—2(n+4)C2 ,—2(n+6)C2 | +(4n +19) Cry3Chq2+(4n + 23) Cpry3Cny1—
(4n +23) Cpq2Cpt1 + 8).

(© SRoCri2Cr=3@n+5)C2 3+2(n+4)C2 ,+2(n+6)Ch | —(4n+17) Cpy3Cn 1o — (4n +23) Cpy3Crnyr +
(4n +21) Cpq2Cpq1 — 8).
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Taking r = 0,s = 1,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 4.15. Ifr =0,s = 1,t = 2 then forn > 0 we have the following formulas:
@ Y h o Wi =S(W2ia4+W o4+ 2We i —WaysWaio —2WoysWe 1 — W3 — WP —2W5 + Wa Wi +
2WoWo).

(b) > r Wi i Wy = i(—WﬁJrg - Wﬁ.ﬂ — 4W3+1 + 2WoisWhio + AWni Wiy + W2 + WE +
AWG — 2Wo W — AW Wo).

(€) >or o WiyaWyi = é(Wn+3Wn+2 — W1ilWa).

From the last Proposition, we have the following Corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take W,, = Q, with Qo =1,Q1 = 1,Q2 = 1).

Corollary 4.16. Forn > 0, Jacobsthal-Padovan numbers have the following properties:
(@ >k Qi = %( r s+ QAo +2Q% 1 — QuisQniz — 2Qn43Qn41 — 1).

(b) ZZ:O Qr+1Qr = i(_ ?L+3 - QEH—Q - 4Q$L+1 +2Qn+3Qn+2 + 4Qn+3Qn+1).

(©) >r o Qr+2Qr = 3(Qni3Qni2 —1).

Taking W,, = L,, with Lo = 3, L1 = 0, L = 2 in the last Proposition, we have the following Corollary
which presents sum formulas of Jacobsthal-Perrin numbers.

Corollary 4.17. Forn > 0, Jacobsthal-Perrin numbers have the following properties:
(@ >r oLi=3(Lis+Lio+2L21 — LnysLnio — 2Lni3Llng1 — 10).

(b) > %o L1l = %(*Liﬁ-s - L%+2 - 4L72«L+1 + 2Lny3Llnt2 +4Lnt13L0n41 + 16).
(€) >r_oLk+2Lr = 3LnysLnyo.

Taking r = 1,s = 0,t = 1 in Theorem 3.1, we obtain the following Proposition.

Proposition 4.18. /fr = 1,5 =0,t = 1 then for n > 0 we have the following formulas:
(@ Sp_ Wi =2(—Wyiis—AWpe o — AW +4AWoisWago + 2WigsWag + 2Wop o Wagr + W35 +
AWE + AWG — AW W, — 2WaWo — 2W1 Wo).

() Y Wit i Wi = s(Weis + Wiio+ Wit — WagsWago + WagsWagr — 2WeoWoyr — W35 —
Wi — W§ + W1 — WalWo + 2W1 W).

(©) > i o WipaWi = %(2W3+3 + 2W3+2 + 2W3+1 — 2WhysWhyo — WipaWihgr — WygaWhi —
QW3 — 2WT — 2W§ + 2Wo Wi + WaWo + W1iWo).

From the last proposition, we have the following corollary which gives sum formulas of Narayana
numbers (take W,, = N,, with No =0, N1 =1, N, = 1).

Corollary 4.19. Forn > 0, Narayana numbers have the following properties:

(@ Yp_oNi= %(—Nﬁﬁ —ANZ, 5 —4ANZ, | + 4Npi3Nng2 + 2Nni3Npg1 + 2Npi2 Np1 + 1).
(b) > i o Nex1Nie = 5(Niys + Niya + Nyt — NaysNota + NopsNpg1 — 2Npga N1 — 1),
(©) Yr_ o NegaNk = 2(2N2 5 +2N7 o + 2N 1 — 2Nny3Nni2 — NnysNps1 — NagpaNpgr — 2).

Taking W,, = U,, with Uy = 3,U; = 1,U> = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.

Corollary 4.20. Forn > 0, Narayana-Lucas numbers have the following properties:
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@) Yh_ Ui = 3(—Upis —4UR 15 — 4UA 1 + AUt 3Unso + 2Un13Uns1 + 2Un12Un g1 + 25).
(b) > o Ukt1Ux = 5(Upis + Uiio + Upiy — UngaUnia + UnysUny1 — 2Uni2Unyr — 7).
(€) >h—o Urs2Ur = %(2[]5-9-3 + 2U§+2 + 2U5+1 — 2Upn+3Un+2 — Uny3Unt1 — Ung2Uny1 — 14).

From the last proposition, we have the following corollary which gives sum formulas of Narayana-
Perrin numbers (take W,, = H,, with Hy = 3, H; = 0, Hy = 2).

Corollary 4.21. Forn > 0, Narayana-Perrin numbers have the following properties:

(a) ZZ:O ng = %(7H72L+3 - 4H72L+2 - 4H'r2z+1 + 4Hn+3Hn+2 + 2Hn+3Hn+1 + 2Hn+2Hn+1 + 28)'
(b) > o Hey1Hi = é(H2+3 + H72L+2 + H72L+1 — Hpy3Hynio+ Hog3Hpp1 — 2Hpi2Hpqp1 — 19).
(€) > ko HitaHyi = %(2H727.+3 +2H2 5 +2H2 \ — 2Hp3Hpyo — Hpy3Hpy1 — HpyoHiy1 — 20).

Taking r = 1,s = 1,t = 2 in Theorem 3.1, we obtain the following theorem.

Theorem 4.22. [fr =1,s = 1,t = 2 then forn > 0 we have the following formulas:

(@) Sp_q W2 = g5((6n+35) W2 3+(18n + 90) W2 o+ (24n + 101) W2 1 —6 (3n + 16) Wy 1. 3Wiy2—4 (3n + 16) Wy 3Wiy 1+
12Wy 1 oW1 — 20W3 — T2W3E — TTWE + 78Wa Wy + 52Wa Wy — 12W; Wo).

(b) SR Wiy 1Wi = g5 (= (Bn+13) W2, 3-3Bn + 14) W2, 5, —4(Bn + 16) W2, +(9n + 45) Wiy s Wy 2 +2 (3n + 22)
WigsWni1 — 2TWy 42 Wi 1 + 10W3 + 33WE + 52WE — 36Wa Wi — 38WaWo + 27TW1 Wo).

(©) CP_oWitaWy = &(—Bn+10) W2, 5 — (9n+54) W2, 5, —4(Bn+13) W2 | + (9n + 57) Wy p3Wypa + (6n +17)
WogaWni1 — 6Wo oWy + TW3S +45W2 + 40W2 — 48Wo Wy — 11WaWo + 6W1 Wo).
Proof.

(@) We use Theorem 3.1 (a). fwe setr =1,s = 1,t = 2 in Theorem 3.1 (a) then we have

2 - ga(z)
> atwi = ) :
P —(z —1)(dx — 1)(z + 22 + 1)(2x + 422 + 1)
where
ga(z) = —2"P2® +22° + 2 - DWW 5 — (da” +102° + 32 + 22 — 1)2" P W2,

—(4a® 4+ 22" +132% + 42”4+ 20 — D" T W2 + 220 4+ 122" W3 Wi o
+4(22% + 1) z" T Wi sWhit — 4z — D)2z + 1)a" W o Wi

+a? (42 + 227 + = — W3 + z(dz” + 102 + 32° 4 22 — D)WY

+(4z® 4 22" +132° + 4% + 20 — )W5 — 22z + 1)°2° W W,

—4(22% + D)2 WoaWo + 42z + 1)(z — 1)z W1 Wo.

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule. Then we get

S - i (91(2))
kZ:OWk A (@ -1z — 1) (z + 22+ 1)(20 + 422 + 1))
1

= g3((6n+35) Wiis+ (180 +90) Wi s + (24n + 101) Wiy — 6 (3n + 16) Wiy 3Wigo

—4 (30 4 16) Wy 3 W1 + 12W, oW1 — 20W5 — T2WE — TTW5 + T8Wa W)
+52WoWy — 12W1W0).

=
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(b) We use Theorem 3.1 (b). Ifwesetr =1,s =1,t =2 in Theorem 3.1 (b) then we have

g g5 ()
W W f—
kzzox PR T @) (e — D) (@t 22 + 1)(2z + 422 + 1)
where
gs(x) = (202 + Da"TPW2i, + 322 + Da" W2, + 4227 + D" HWE,,

7(8x3 +ri4x— 1)x"+2Wn+3Wn+2 + 2(74‘%3 — 22tz 1)x"+3Wn+3Wn+1
—(—8a° — 62" +92° + 42® + 22 — V)" Wy o Wit — (22° + 1)2° W5
—3(2z + 1)2® Wi — 4(22° + 1)2*W§ + 2(82° + 2° + =z — 1)WaW,

—2(—4z® — 2° + = + 1)* WaWy + (—82° — 62 + 92° + 42® + 22 — YW1 Wo.

For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use LHospital rule. Then we get

n - 45 (95(7))
;)mek G- - D+ a? + Do+ 42 +1)|

x

—_

o3 (— (3n+13) Wiis—3Bn+14) Wi, —4(3n+16) Wi,

+ (977, =+ 45) WihtsWhyo + 2 (37’L + 22) WitsWihi1 — 2TWyypa Wit
+10W5 + 33W7T + 52W5 — 36Wa Wi — 38WaWo + 27W1 Wo)

(c) We use Theorem 3.1 (c). If we setr =1,s =1,¢t = 2in Theorem 3.1 (c) then we have

go()

n
k
" Wi Wi =
;0 + —(z — D)4z — 1)(z + 22 + 1)(2z + 422 + 1)
where
g6(z) = (z+2)a"TPW2 o+ B2t + 227 — 22 + D2 TPWE L, + A +2)a" W]
—@e4+1)42® — 2% 42— )" T2W, g W,y — (—42* + 7% + 222 + 22 — D)2 T W, s W4

+2(z — 1)(41‘3 — 2?4z 1)wn+2Wn+2Wn+1 — (z + 2)Z2W22 — w(81'4 +24% — 22 + 1)‘/‘/12

—4(z 4+ 2)* W + 22z + 1)(42° — 2 42 — YW W,

+(—4azt +72°% + 222 + 20 — YW Wy — 2a(z — 1)z — 22 + = — D)W Wo.
For z = 1, the right hand side of the above sum formula is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

g6(x))
WipaWy, = de
2 Wis2 Wi L (—(z - Dz — 1)(@+ 2%+ 1)(2z + 422 + 1)) | __

k=0 dx

dx
L (—(Bn4+10) Wris — (9n +54) Wi o —4(3n+13) Wi,

63
+ (97’L + 57) Wn+3Wn+2 + (67’L + 17) Wn+3Wn+1 - 6Wn+2Wn+1

+TW3 + A5WE 4+ 40W3 — 48Wa Wy — 11IWa W, + 6W1Wo).

From the last theorem, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take W,, = J,, with Jo =0, J; =1, J2 = 1).

Corollary 4.23. Forn > 0, third order Jacobsthal numbers have the following properties:
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@ >h oJi = 5((6n+35) Jris + (18n+90) Ji o + (24n 4 101) J2 41 — 6 (3n + 16) Jnysniz —
4 (37L + 16) Intsdnt1 +12Jp40dng1 — 23).

(b) Yh o Jkr1de = g5(— (Bn+13) J313—3 (3n+ 14) J31o—4 (3n + 16) J5 1 +(9n + 45) JnisJniat
2 (3n 4+ 22) Jpt3dnt1 — 27dnt2dns1 + 7).

(©) Yh_oJrs2dr = a5 (— (B3n+10) Joy5—(9n+54) Jn i o—4 (3n +13) J;7 114+ (9n + 57) JngaJnia+
(6n + 17) Int3dnt1 — 6Jnyodnt1 + 4).

Taking W,, = jn with jo = 2,51 = 1, jo = 5 in the last theorem, we have the following corollary which
presents sum formulas of third order Jacobsthal-Lucas numbers.

Corollary 4.24. Forn > 0, third order Jacobsthal-Lucas numbers have the following properties:

(@ Y oji = 55((6n+35) 47,5 4+ (18n+90) jrio + (24n +101) jiiy — 6 (3n 4 16) juisjniz —
4 (37L + 16) jn+3jn+1 + 12jn+2jn+l - 219)'

(b) > o dkriie = é(_ (3n + 13) j721+3 —-3(3n+14) j721+2 —4(3n + 16) j72L+1 +(9n 4+ 45) jni3jnie+
2 (3’n + 22)jn+3jn+1 — 27 jn+2 n+1 — 15)~

(©) Yoh_giktaie = g5(— (Bn+10)jas — (9In+54) jnyo — 4 (3n + 13) ja 1 + (90 + 57) jursfinta +
(61 4 17) jng3jn+1 — Bjnyodns1 +42).

Taking r = 2,s = 3,t = 5 in Theorem 3.1, we obtain the following proposition.

Proposition 4.25. Ifr = 2,5 = 3,t =5 then for n > 0 we have the following formulas:

(@) Sh_oWE = g5 BTW2, 3 +253W2 o +430W2 | — 182W, 4 sWypo — 17T0W, s Wy g1 + 260W, y oWy g1 — 3TWS —
253W2 — 430W¢ + 182Wa Wy + 1T0Wa Wo — 260W1 Wo).

(b) Sp_o Wigp1 Wi = ghs(m1TW2, 5 — 143W2,, — 425W2 | + 9TW,,ysWyyo + 145Wp 4 3 Wi jq — 280Wp 1o Wigy +

495 n
1TW3E + 143W 32 + 425W& — 9TWa Wy — 145WaWq + 280W1 Wo).

© TP WiipoWi = g5 (—8W2, 3 —242W2 , —200W2 | +133Wy, 4 3Wiyyo +10W, 3 Wi 1 —190Wp 4o Wiy +8W3 +
242W32 4 200WZ — 133Wa W1 — 10Wa Wy + 190W; Wo).

From the last proposition, we have the following corollary which gives sum formulas of 3-primes
numbers (take W,, = G, with Go = 0,G1 = 1,G2 = 2).

Corollary 4.26. Forn > 0, 3-primes numbers have the following properties:

(@) Sih_oGi = 735 (B7TG2 3 +253G2 5 + 430G} | — 182G, 1 3Gpnqo — 170G, 413G 41 + 260G, {2Gpq1 — 37).

(b) Sp_oGrt1Gr = g5 (—17G2 3 — 143G2 5 — 425G2 || + 97G 3Gt + 145G, 413G n 1 — 280G, 42Gpq + 17).

(©) Sih_Gre2Gr = 755(—8G2 3 — 242G2 5 — 200G2 || + 133G 3G ny2 + 10G, 13Gny1 — 190G 1 2Gpyy + 8).

Taking G, = H, with Hy = 3, H1 = 2, H» = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.

Corollary 4.27. Forn > 0, Lucas 3-primes numbers have the following properties:

@ P oHE = g=(3TH2, 5 +253H2 , +430H2 | — 182H, y3Hy 4o — 170H, 4 3Hy 1 + 260H, 9 Hyy 1 — 1402).

(b) Sp_oHyp1Hy = gos(—17TH2 g — 143H2 |, —425H2 || + 9TH, 4 3Hy 42 + 145H,, 3 Hp 1 — 280H,, 9 Hpp g + 1487).

(© TP oHpioHy = g5 (—8H2, 3 —242H2 ) — 200H2 | +133H, 4 3H, 42 + 10H, y3Hy 1 — 190H, 4o Hyy g + 1748).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-
primes numbers (take H,, = E,, with o =0, E1 =1, B3 = 1).

Corollary 4.28. Forn > 0, modified 3-primes numbers have the following properties:

(@) Sp_ Bf = 155 (37E2, 5 + 253E2 5 + 430E2 | — 182E,, 1 3F, 15 — 17T0Ey 4 3By 41 + 260E, 40 Ey g — 108).

(b) Sy_oEptr1Br = go5(—17TE2 4 — 14382 | ) —425E2 | + 97Ey, 3Ey o + 145E,,  3F, 1 — 280E, {2 By + 63).

(©) SP_o Bry2Br = gh5(—8E} 3 — 242E2 |, — 200E2 | + 133E,,43En2 + 10E, 3By 41 — 190E, o By yq + 117).

36



Soykan; ACRI, 20(4): 22-47, 2020; Article no.ACRI.57840

4.2 The Case x = —1
In this subsection we consider the special case x = —1.

In this section, we present the closed form solutions (identities) of the sums
S (D)W S (= 1) Wi Wi and 7 (—1)* W1 W for the specific case of the sequence
{Wn}.

Taking r = s = ¢t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.29. Ifr = s =t¢ =1 then forn > 0 we have the following formulas:

@ Sr oD WE = 2((—1)" (Wiis — 2Wis + 3W5 1 — 2Wo i Ways) + W3 — 2W7 + 3W5 —
2WoWa).

(b) > i o(—1)* Wi Wi =
2WLWo + 2W1W0).

(©) Yho (D) " WipaWi = 2((—1)" (Wii5 —2Wi o — Wiy +2WosWo 1 — AW o Wo 1) + W3 —

2WE — W§ + 2WoWo — AW, Wp).

((_1)n (W3+3 - W73+1 - 2Wn+3Wn+2 + 2W7L+2Wn+l) + W22 - W02 -

N

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take W,, = T,, with 7o, = 0,71 = 1,75 = 1).

Corollary 4.30. Forn > 0, Tribonacci numbers have the following properties:

@) Yh_o(—DME = $((—=1)" (Trys — 2T 42 + 3T 11 — 2Tni1Tnis) — 1),

(b) S (D) *Tes1Ti = 2((=1)" (T245 — T2 1 — 2Tnt3Tng2 + 2T g2 Tns1) — 1).

(©) i o(-1) ThsaTi = ((—1)" (T35 — 2T2 15 — Tosy + 2Tn43Tns1 — ATn42Tns1) — 1).

Taking W,, = K, with Ky = 3, K; = 1, K, = 3 in the above proposition, we have the following
corollary which presents sum formulas of Tribonacci-Lucas numbers.

Corollary 4.31. Forn > 0, Tribonacci-Lucas numbers have the following properties:

@) Si_o(—D KR = (1) (Kiys — 2K 2 + 3K 1 — 2Kn1 Knts) + 16).

(b) > i (1) K1 Kk = 5 (—1)" (Ki i3 — Kiy1 — 2Kn3Knyo + 2Kn2Knp).

© S o1 KipaKi = 2((-1)" (K243 — 2K2 10 — K1 + 2Kng3Kns1 — 4Kny2 Kpng1) +4).

Taking r =2,s = 1,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.32. Ifr =2,s=1,t =1 then for n > 0 we have the following formulas:

@ Yp o (—1)WE = (=) (W= 9IW o+ 1AW +2Wo s Wi o +AW, 1o W p1 —6 Wi s Wi 1)+

W3 — OWE + 14W§ + 2Wa W1 — 6WaWo + AW Wh).

(b) > (=1 Wi Wi = 2((—=1)" (W2 3+ Wi io— Wi 1 —3WoisWio—Wa g sWo i1 +4Wn 42 Wi 1)+
W3 + Wi — W§ — 3WaWy — WaWo + 4W1 W),

(© Y o(—1) WigaWi = = ((—1)" (AW, 5 — 6Wy o — AW — TWoiasWago + 6Wo s Wy — 14
WasaWai1) + 4W3E — 6WE — AWE — TWoW1 + 6Wa Wy — 14W1 W).

From the last proposition, we have the following corollary which gives sum formulas of third-order Pell
numbers (take W,, = P, with P, =0, P, =1, P, = 1).

Corollary 4.33. Forn > 0, third-order Pell numbers have the following properties:
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@) Y o(—1)"P = (=" (P2y3—9P2 o +14P2 +2P 3Py 204+4P 12 Py 1 —6Pn i3 Pay1)—1).

(b) > (=1 Pe1 Py = £ ((—1)" (Pri3—9P7 5 +14P7 1 +2Pn 18P 2+4Pn 42 Poy1—6Pn 13 Pry1)—
1).

(© Sr o(=1)"PegaPe = £((—1)" (AP435 — 6P 15 — 4P 1 — TPuy3Paj2 + 6PaysPryr — 14
PriaPni1) —4).

Taking W,, = Q. with Qo = 3,Q1 = 2, Q2 = 6 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Lucas numbers.

Corollary 4.34. Forn > 0, third-order Pell-Lucas numbers have the following properties:

(a) ZZZO(—l)in =& (=" (Q213—9Q% 5 +14Q2 11 +2Qn+3Qn+2+4Qn1+2Qn+1—6Qn13Qnt1)+
66).

(b) 3 (-1 Qr+1Qk = 2((—1)" (@243 Q2 12— Q% 1 1—3Qn+3Qn+2—Qn+3Qn+1+4Qn42Qnt1)+
1).

© S o) Qr2Qr = = ((—1)" (4Q7 43 — 6Qn 12 — 4Q5 11 — TQni3Qni2 + 6Qni3Qni1 — 14
Qn+2Qn+1) + 24)'

From the last proposition, we have the following corollary which gives sum formulas of third-order
modified Pell numbers (take W,, = E,, with Eg =0, F1 = 1, E; = 1).

Corollary 4.35. Forn > 0, third-order modified Pell numbers have the following properties:

@ Yr o(—1)FER = £ ((-1)" (Bai3—9Er o +14E7 1 +2En 3Fn 04+4En 2 En1—6En 3 Eny1)—
6).

(b) ZZ:O(_l)kEkHEk = é((—l)n (E245 +E72L+2_EZ+1_3ER+3E’VL+2_E7L+3E71+1 +4Fni2En41)—
1).

(© Si o(-1)"Erp2Er = £((—1)" (4B} 43 — 6E2. 5 —4E% 1 — TEni3Eny2 + 6EngsEny1 — 14
En+2En+1) - 9)'

ot

Taking r = 0,s = 1,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.36. /fr =0,s = 1,t = 1 then for n > 0 we have the following formulas:

@ Yro(—D) W = (=) BWei5—3W, o+ 2W, 1 +2WoisWiso —2Way sWi i1 =AW 2 Wi g1 )+
3W3E — 3WE + 2W§ + 2WoWy — 2Wa Wy — 4W1 ).

(b) ZZ:O(_l)ka+1Wk = %((-1)” (W5+3—W3+2—W3+1_Wn+3Wn+2+Wn+3Wn+l+2Wn+2Wn+l)+
W3 — W — W§ — WaWi + WaWo + 2W1 Wo).

©) i o(-1)"WigaWi = 2((=1)" (2W15 — 2Wrio — 2Wiiy + 3WogsWigo + 2WoysWigr —
6WhiaWhi1) + 2W3 — 2WE — 2W§¢ + 3We Wy — 6W1 Wo + 2WaW).

From the last proposition, we have the following corollary which gives sum formulas of Padovan
numbers (take W,, = P, with Py =1,P, =1, P, = 1).

Corollary 4.37. Forn > 0, Padovan numbers have the following properties:
@ Sr (-1 P = 1((=1)" (8P} 13—3P32+2P2 1 +2Pn13Pni2—2Pn13Pnj1—4Pn 2 Poy1)—2).

(b) ZZ:O(_l)kPkHPk = <((-)" (P3+3—P3+2—P3+1 —Put3Pni2+ Pni3Pay14+2Pay2Pnt1)+1).

1
5
(©) Y ro(-1) PeyaPr = 2((—1)" (2P 13—2P7 1 5—2P7 11 +3Pny3Pni2+2Pn3Pny1—6Pni2Prg1)—
3).
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Taking W,, = E,, with Ey = 3, E1 = 0, E> = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers.

Corollary 4.38. Forn > 0, Perrin numbers have the following properties:

(@) Yh_o(—1)"E} = +((-1)" BE;13—3E; 12+2E5 1 +2En3Fn12—2Fn13Fn 1 —4FEn 0 FEni1)+

18).

(b) Zz:o(—l)kEIH»lEk = %((-Un (ET2L+3—E3L+2 —E72L+1 —Fnt3sEBnyot+Eni3FEni1+2E,10Fn4+1)+
D.

(©) Yhoo(—1)*Exy2Br = +((-1)" (2E73—2E7 12 —2E; (1 +3Fn43En12+2En13Fn1—6En 2 Eni1)+
2.

From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take W,, = S,, with Sp = 0,51 = 0,52 = 1).

Corollary 4.39. Forn > 0, Padovan-Perrin numbers have the following properties:

@ Sp_o(-1)FSE=L((-1)" (382,335 ,5+252, 1 +25043Snt2 — 25043541 — 4Sny2Sni1) +3).

) SR o(—1)FSky1SK =2 (-1 (S215 — S240 — S211 = Sni3Sni2 + SngsSni1 +2Sni2Sng1) + 1)

© TP o(-1)*Spi2Sk = 2((-1)" (282,53 - 282, — 252 | +38,435n42 + 250435041 — 6Snt2Sny1) +2)-
Taking »r = 0,s = 2,t = 1 in Theorem 3.1, we obtain the following theorem.

Theorem 4.40. Ifr = 0,s = 2,¢t = 1 then forn > 0 we have the following formulas:

@ TR o(—D*WZ = H(—D)" (An+17) W2, 3 — (An+13) W2, 5 — (4n + 1) W2, | +4 (n+5) Wy 3Wpyo — 4 (n +6)
WoaWni1 —4Bn+14) Wy oWpy1) + 183W3 — 9W2 — TW2 + 16Wa Wy — 20Wa Wy — 44W;1 Wo).

(b) SR (D Wi Wy = (D)™ @(n+5) Wi 3 —2(n+4)Way —2(n+6)Why,
+2n+ ) Woi3Wnio — 2n 4+ 11) Wy 3Wy1 — (6n 4 25) Wy oWyi1) + 8W3 — 6WE — 10WZ + TWaW; —
AW Wy — 19W1 Wp).

© TP o(—D)*Wi oWy = H((-D" 2B+ 11) W2, 5 —2Bn +8) W2, ,—2(3n + 14) W2, | +(6n + 29) Wy, 4 3 W40 —
(6n +25) Wy 43Wpt1 — (18n + 81) Wy oWy 1) + 16W3 — 10W2 — 22W2 + 23Wa W — 19Wa Wo — 63W;1 Wo).

Proof. The proof can be given exactly as in Theorem 4.12, just take © = —1 after using LHospital rule.

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan
numbers (take W,, = R, with Qo = 1,R1 = 1, Ry = 1).

Corollary 4.41. Forn > 0, Pell-Padovan numbers have the following properties:
@ Yr o-DRE=5((-1)"(4n+17) R} 3 — (d4n+ 13) Ra o — (dn+ 11) R} 4
+4 (n + 5) Ryoy3Rny2 —4 (n + 6) Rny3Rny1 — 4 (37’L + 14) Rn+2Rn+1) — 51).

(b) i o(—=D*Ret1Re = 15((—=1)" (2(n+5) Riys —2(n+4) Riys —2(n+6) Ray + (2n+9)
Rny3Rny2 — (21’L + 11) RytsRn+1 — (617, =+ 25) Rn+2Rn+1) — 29).

(©) Sg(—1)* ReaRe = 25(—1)" (2 (3n+ 11) Fyy — 2 (3n+8) 2o — 2 (30 + 14) 2.,
=+ (6TL + 29) Ryt3Rpto — (617, + 25) Rny3Rn+1 — (18n + 81) Rn+2Rn+1) — 75).

Taking W,, = C,, with Cy = 3,C1 = 0,C2 = 2 in the last theorem, we have the following corollary
which presents sum formulas of Pell-Perrin numbers.

Corollary 4.42. Forn > 0, Pell-Perrin numbers have the following properties:

@ Yr o (—1)FCE=5((-1)" (An+17)Crys — (4n+13) Cryn — (d4n + 11) Ciyy
+4 (n + 5) Cn43Cnya — 4 (TL -+ 6) Cn+3Cn+1 —4 (3TL =+ 14) Cn+20n+1) - 131).
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(b) > o(—1)*Crs1Cr = ((-1)" (2(n+5)Chys —2(n+4)Cris —2(n+6)Chyq + (2n49)
Cn+30n+2 — (2n =+ 11) Cn+3Cn+1 — (6n + 25) Cn+20ﬂ,+1) — 112).

(©) Yio(-1)*Cri2Cr = 15 ((-1)" (2(B3n +11) Cli5 — 2(3n +8) Ciyo — 2(3n + 14) Ry
+ (671 + 29) Cn+3Cn+2 — (671 + 25) Cn+3Cn+1 — (18n =+ 81) Cn+20n+1) — 248).
Taking r = 0,s = 1,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 4.43. Ifr =0,s = 1,t = 2 then for n > 0 we have the following formulas:
@) Sr_o(—1)W2 = (1) BWi2 1 3—3W, o+ AW, 1 +2Wo s Wao—AWn s Wi g1 — AW 42 W1 )+
3WE — 3WE + 4AWE 4 2WaWy — AWoWo — AW ).

(b) Sr (D) Wip1 Wi = L((—1)" (Wris — Wiie — W21 — 2WoisWaso + AWngsWay +
AW, oWoi1) — 2WaWy + AWeWo + AW Wo + W5 — Wi — 4W8).

(c) ZZZO(—l)ka+2Wk = %((‘Un (W2ig — W2, —4AW2 | + 6WoisWiio + AWy 3 Wiy — 12
Wt oaWai1) + W5 — Wi — AWG + 6Wa Wi + AW Wo — 12W1 Wo).

From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take W,, = Q, with Qo =1,Q1 =1,Q2 = 1).

Corollary 4.44. Forn > 0, Jacobsthal-Padovan numbers have the following properties:

@ i oD@ = H((-1)" (3Qn13-3Qn1214Q7 11 +2Qn+3Qn+2—4Qn13Qn11—4Qn+2Qn11)—
2).

(b) EZ:O(_l)kaHQk = %((‘Dn( 31+3_Q$L+2_4Q31+1_2Qn+3Qn+2+4Qn+3Qn+1+4Qn+2Qn+1)+
2).

(© >r o(-1)*Qrs2Qr = 15((-1)" (Qays — Qito — 4Qh11 + 6Qni3Qni2 + 4Qni3Qn11 — 12
Qn+2Qn+1) - 6)~

Taking W,, = D,, with Dy = 3, D1 = 0, D> = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.

Corollary 4.45. Forn > 0, Jacobsthal-Perrin numbers have the following properties:

@ Yr o (-1)FLE = % (-1)"(3L2,3—3L% o+4L2 1 +2Lni3Lnq2—4Lni3Lni1 —4Lni2Lny1)+

24).

b) 37 (~D)*Liy1Le = & ((=1)" (L2 s—Liyo—4L% \\—2Lpi3Lni2+4Lni3 L1 +4Lnt2Lng1)—
8)0 16

(©) Sh o(-1) Lol = =((—1)" (L3 y3—L22—4L% 146 Lnt3Lnso+4Lns3Lns1—12L0n 12 Lng1)—
8).

Taking r =1,s = 0,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 4.46. Ifr =1,s =0,t = 1 then forn > 0 we have the following formulas:
@ h oD WE = (1) (Wiis — 2Wiio + 2W72 1 — 2WaisWagt + 2WoiaWiya) + W5 +
QWG — 2WE — 2WaWo + 2W1 WY).

(b) > (=) Wi i Wi = 5((=1)" (Wiis + Wiis — Wiy — 3WaisWaio
+ Wi aWog1 + 2WogoWog1) + Wi + WP — W§ — 3WaWi + WaWo 4 2W1 Wo).

(©) S (1) WiyaWi = L(—1)" (—3Wng2aWai1 + 3WnysWai1) + 3WaWo — 3W1 Wo).

From the last proposition, we have the following corollary which gives sum formulas of Narayana
numbers (take W,, = N,, with No =0, N; =1, N, = 1).
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Corollary 4.47. Forn > 0, Narayana numbers have the following properties:

@ Yr_o(—1)FNZ =3((—1)" (N213 —2N7 o+ 2Np 1 — 2Nni3Npg1 + 2Np2aNpg1) — 1).

(b) >p_o(—1)FNii1Ny = %((_1)71 (N2 34+N2o—N2 1 —3Nni3Nni2+ Nt s N1 +2Nn 2 Np1 ) —
1).

(C) Zzzo(_l)ka+2Nk = % (—1)” (—SNn+2Nn+1 + 3Nn+3Nn+1).

Taking W,, = U,, with Uy = 3,U: = 1,U> = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.

Corollary 4.48. Forn > 0, Narayana-Lucas numbers have the following properties:

(@ (=1 UR = 2((-1)" (Uzys — 2U2 1o + 2U7 11 — 2Un43Uns1 + 2Un42Uny1) + 17).

(b) S (-1 Urs1Ux = (1) (U3 13+ U2 —Up 1 —3Uns3Uns2 + Uny3Uns1 4+ 2Uns2Unsr) —
1).
(©) Yr o(=1) Uky2Us = 5 (—1)" (=3Un+2Unt1 + 3Uny3Unt1).

From the last proposition, we have the following corollary which gives sum formulas of Narayana-
Perrin numbers (take W,, = H,, with Hy = 3, H; = 0, Hy = 2).

Corollary 4.49. Forn > 0, Narayana-Perrin numbers have the following properties:
@ i (D HE = 5((-1)" (Hiys — 2H7 5 + 2H; 1 — 2Hni3Hng1 + 2Hn 2 Hni1) + 10).

(b) Z%g(—l)kaHHk = 3((=D)" (Hpys+Hn2—Hp 1 —3Hy g3 Hnyot Hoy 3 Hy 1 +2Hp 2 Ho 1)+

(©) i o(—1)"HipoHy = 3((=1)" (=3Hps2Hps1 + 3HnsHngr) + 18).

Taking r = 1,s = 1,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 4.50. /fr =1,s = 1,t = 2 then for n > 0 we have the following formulas:

@ Y oD WE = (1) Wi —3W, ot TWe i =W s Wiy 2 —6Wa s W1 +4Wo 2 Wi g1 )+
2W3 — 3WT + TW§ — WaWi — 6WaWo + AW, Wo)

(b) ZZ:O(*l)kaHWk = %((*1)n (W5+3 + W3+2 - 4W3+1 — 3Whny3sWhio + 2WoisWih1 + 2
WisoWai1) + W3 + W — AWG — 3WaWi + 2WaWo + 2W1 W)

(©) S ho(—1) WigaWi = = ((—=1)" (Wiys — IWpio — AW, 1 + TWaysWago + 12Wo 3Wig1 — 28
WosaWai1) + W3 — OWE — AWG + TWa Wi + 12We Wy — 28W1 W)

From the above proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take W,, = J,, with Jo =0, J1 =1,J = 1).

Corollary 4.51. Forn > 0, third order Jacobsthal numbers have the following properties:

(@ > (-1 JE = =(=n" (2J2 13 —3J2 40 +TT2 1 — Jnts3dnt2 —6Jnt3Tns1 +4Tng2dng1) —2).

(b) Sr (D Tirde = (1) (Jiis+Jmpo—4J7 11— 3Jntsdnia+2Jns3Ins1 +2ng2dni1) —

1).

(c) ZZ:O(_l)ka+2Jk = %((_1)71 (J721+3_9J72L+2_4J721+1+7Jn+3Jn+2+12Jn+3Jn+l_28Jn+2Jn+l)_
1).

From the above proposition, we have the following corollary which gives sum formulas of third-order
Jacobsthal-Lucas numbers (take W,, = j, with jo = 2,5; = 1,5 = 5).
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Corollary 4.52. Forn > 0, third-order Jacobsthal-Lucas numbers have the following properties:

@ Sr (=) = (1) (2245 — 3jato + Tins1 — Jntsin+2 — 6jntaine1 + Ajnt2jns1) + 18).

(b) > (=1 *jksrir = 15((—1)" (ass+inte —4dns1—3intsdnt2+2dnt8int1+2nt2jnt1)+19).

(c) Z%B(;(—l)kjk-s-ﬂk = = ((=1)" (Jnss—9nr2 —4jns1+ Tintaint2 + 120n+3jnt1 — 28jnt2ins1) +

Taking r = 2,s = 3,t = 5 in Theorem 3.1, we obtain the following Proposition.

Proposition 4.53. Ifr =2,s = 3,t =5 then forn > 0 we have the following formulas:

(@) Y hoo (D)W = g ((—1)" (1OW, 15— 11W,7 5+ 350W; g — 42Wi i3 Wo — 1T0Wy s Wi 1 +
280WnoWit1) + 19W3F — 11WE + 350W5¢ — 170WeWo — 42Wa Wy + 280W1 W).

(b) S o (=1 Wi Wi = b= (1) (LTW,2 3+ TTW,2 5 —425W,2 4| —81 Wy s Wi 42 +65 Wi s Wi 1 —
1OWog 2 Wht1) + 1TW5 + 7TTWE — 425W§ — 81WaWi 4+ 65Wa Wy — 10W,1 ).

(©) ro(—1) Wiga Wi = = ((—1)" (6Wr 1 53—264W, o —150W,2 1 +11TW s s Wi 2+ 120Wi g s Wi 1 —
T80Wp 2 Wig1) + 6Ws — 264W7 — 150W3 + 117TWo Wy + 120Wa Wy — 780W1 Wy).

From the last proposition, we have the following corollary which gives sum formulas of 3-primes
numbers (take W,, = G,, with Go = 0,G1 = 1,G2 = 2).

Corollary 4.54. Forn > 0, 3-primes numbers have the following properties:
@ i o(-1)"Gi = 2= ((—1)" (19G} 13 —11G2 15 +350G7 1 —42Gn43Gn+2 — 170G 413G +280
Gn+2Gnt1) — 19).

(b) >3 o(—1)*Gri1Gr = = ((—1)" (17G} 13+ TG 2 —425G} 11 —81G13Gny2+65Gn13Gn 41—
10Gn+2Gn+1) — 17).

(©) ro(-1)*Gre2Gr = o= ((—1)" (6G313—264G5 2 —150G7 11 +117Gr 3Gt +120Gn 43Gn 41—
780G +2Gni1) — 6).

Taking W,, = H,, with Hy = 3, H, = 2, H> = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.

Corollary 4.55. Forn > 0, Lucas 3-primes numbers have the following properties:

(@ ro(-1)"HR = = ((-1)" (19H? 35— 11H; 5 +350H, 1 —42H 43 Hp o —170H 4 3 Hp g1 +280
Hn+2Hn+1) + 746)

(b) >3 o(—1)*Hppr Hi = b= ((—1)" (1TH7 3+ TTH? 5 —A425H; 1 —81Hp i3 Hp2+65H 3 Hpp1—
10H, 1oH 1) — 1547).

(€) Yh_o(=1)"HpqoHy = 5= ((—1)" (6H; 3—264H7 5 —150H, 1 +117THp 3 Hpy2+120Hp 43 Hng1 —

780Hn+2Hn+1) — 546).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-
primes numbers (take W,, = E,, with Ey =0, F1 =1, E2 = 1).

Corollary 4.56. Forn > 0, modified 3-primes numbers have the following properties:
@ Sr o(-1D)"ER = &= ((-1)" (19E2 3 —11E7 5 + 35057 1 —42Fn43En 12— 170E, 13 Fn 1+ 280
Eni2FEnt1) — 34).

(b) > (-1 *Ery1Ex = gz ((—1)" (1TER 3+ T77E5 5 —425F; 1 —81En13Fn 2+ 65En 1 3Fn 1 —
10En42En 1) + 13).

(©) r o(-1) ErpoEr = gb= ((—1)" (6E7 13—264E7 5 —150E7 1 +117En 43En 1 24+120Ep 43 En i1 —
780En12Fn11) — 141).
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43 Thecasexr=1-+1

In this subsection we consider the special case x = 1 + .
Takingz =144, = s =t =1in Theorem 3.1, we obtain the following Proposition.
Proposition 4.57. I[fx =1+ 14,7 =s =1t =1 then forn > 0 we have the following formulas:

(@) Yh_o(1+ ) Wi = =g (1 +4)" ((6 + 148) W5 + (284 220) Wi o + (27 — i) Wiy + (—24 —
320) W3 W g2+ (—8—160) Wi 4 s Wi 14+ (—8+160) Wy 2 Wiy 1) — (10 + 44) W3 —(25 — 3i) WE—
(13 — 144) W§ + (28 + 4i) WoWi + (12 + 4i) WoWy — (4 + 124) Wi W).

(b) > i (14 ) Wi a1 Wi = =25 (1 + )" ((—6 — 20) W, 5+ (—16 — 8i) W, 5 + (—4 — 8i) Wi,y +
(18 + 12i)Wn+3Wn+2 + (—2 + 14i)Wn+3Wn+1 + (11 — 25i)Wn+2Wn+1) + (4 — Q’i) W22 +
(12 — 48) W + (6 + 2i) W§ — (15 — 3i) WaW1 — (6 + 8i) WaWo + (7 + 184) W1 Wo).

(©) Yoh_o (1) Wi oW = = (14 0)" ((—44-4) W 5+ (4=100) W o —8W2 1 +10iWp 3 Wiy o+
(9—110) Wi aWi 1+ (4—20) W11 Wi o) —4iWE4(4 — 44) WEH(3 + 78) WE—(5 + 5i) Wa Wi+
(1 + 10i) WaoWq + (—1 + 32) W1Wo).

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take W,, = T,, with 7o, = 0,71 = 1,7, = 1).

Corollary 4.58. Forn > 0, Tribonacci numbers have the following properties:

(@) Ypoo(1+0)"T7 = =g (1+4)" ((6 4+ 14T 5 + (28 + 220) T po + (27 — i) T4y + (—24 —
32i)Tn+3Tn+2 + (—8 — 16i)Tn+3Tn+1 =+ (—8 =+ 16i)Tn+2Tn+1) -7+ Si).

(b) 3% o1+ ) ThsiThe = =g (1 +4)" (=6 — 2) T ys + (=16 — 8) T4 + (=4 — 8) T4 +
(18 + 12i)Tn+3Tn+2 + (—2 + 14’L')T,L+3Tn+1 + (11— 25i)Tn+2Tn+1) +1—33).

(©) Y o(1+0)*ThyoTh = =5 (14 9)" ((—4+40) T 15+ (4—100) T2 — 8T 1 +10iTn 13 T2+
(9 = 118) T 3Tns1 + (4 — 20) Ty 1 Trsa) — 2 — 20).

Taking W,, = K, with Ky = 3, K; = 1, K, = 3 in the above proposition, we have the following
corollary which presents sum formulas of Tribonacci-Lucas numbers.

Corollary 4.59. Forn > 0, Tribonacci-Lucas numbers have the following properties:

(@ Sp 1+ KE = =t (L + )" ((6+ 140) K7t g + (28 4+ 220) Ko o + (27 — i) Koy + (=24 —
320) Kpi3Kni2 + (=8 — 160) Kp13Knt1 + (=8 + 160) K12 Kpy1) — 52 + 1056).

(b) >oh_o(1+0) " Kit1 Ki = =iz (149)" (-6 — 20) K72 45 + (=16 = 8i) K7 o + (—4 — 8) K2 11 +
(18 + 120) K3 Ko + (—2 + 140) K3 Kns1 + (11 — 250) K2 Kng1) + 24 — 130).

(€) Yo o(14+) Ko Ky = =g (1 44)" ((—4+40) K 5+ (4—100) K7 5 —8K: 1 +10i K3 Ko+
(9 — 110) K3 Kns1 + (4 — 20)Kpi1 Knsa) + 30 + 105).

Corresponding sums of the other third order generalized Tribonacci numbers can be calculated
similarly.

5 CONCLUSION identities were proved. The method used in this

paper can be used for the other linear recurrence
Recently, there have been so many studies of the sequences, too. We have written sum identities
sequences of numbers in the literature and the in terms of the generalized Tribonacci sequence,
sequences of numbers were widely used inmany and then we have presented the formulas as
research areas, such as architecture, nature, special cases the corresponding identity for the
art, physics and engineering. In this work, sum Tribonacci, Tribonacci-Lucas, Padovan, Perrin
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numbers and the other third order recurrence
relations. All the listed identities in the corollaries
may be proved by induction, but that method of
proof gives no clue about their discovery. We
give the proofs to indicate how these identities,
in general, were discovered.

Computations of the Frobenius norm, spectral
norm, maximum column length norm and
maximum row length norm of circulant (r-
circulant, geometric circulant, semicirculant)
matrices with the generalized m-step Fibonacci
sequences require the sum of the squares of
the numbers of the sequences. Our future work
will be investigation of the closed forms of the
sum formulas for the squares of generalized
Tetranacci numbers.
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