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A WAVE EQUATION TYPE p-LAPLACIAN WITH MEMORY
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ABSTRACT. In this work we study the global solution, uniqueness and as-
ymptotic behaviour of the nonlinear equation
utt — Apu = Au — g * Au

where Apu is the nonlinear p-Laplacian operator, p > 2 and g * Au is
a memory damping. The global solution is constructed by means of the
Faedo-Galerkin approximations taking into account that the initial data is
in appropriated set of stability created from the Nehari manifold and the
asymptotic behavior is obtained by using a result of P. Martinez based on
new inequality that generalizes the results of Haraux and Nakao.
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1. Introduction

Throughout this paper we omit the space variable x of u(x,t), simply denote
u(z,t) by u(t) when no confusion arises and ¢ denotes various positive constants
depending on the known constants and may be different at each appearance.
We use the Sobolev space with its properties as in R. A. Adams [I] and H.
Brezis [2]. Let Q € R be a open and bounded interval, 2 < p < oo and p’
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1 1
such that — 4+ — = 1. The duality pairing between the space VVO1 P(Q) and its
p p

dual W17 (Q) will be denoted using the form (-, -),. According to Poincare’s
inequality, the standard norm || - Hwol,p () is equivalent to the norm ||V - [, on

WP (2). Henceforth, we put || - ||W01,p(m = ||V - |lp. Wedenote || - |20 = |- |2
and the usual inner product by (-, ). We denote the p-Laplacian operator
by Apu, which can be extended to a monotone, bounded, hemicontinuous and
coercive operator between the spaces WO1 P(Q) and its dual by

—Ap: WyP(Q) = WL (Q)

<7Apu,v)p:/ |Vu|P~2VuVo dz
Q

Nonlinear hyperbolic problems involving the p-Laplacian are becoming the ob-
ject of increasing interest only in recent years. The existence of a global solution
for wave equation of p-Laplacian type

ugg — Apu =10 (1)

without an additional dissipation term is an open problem. For n = 1, M.
Derher [3] proved the local in time existence of solution and showed by a generic
counter-example that the global in time solution can not be expected.

Adding a strong damping (—Awu;) in the well-posedness and asymptotic
behavior was studied by J. M. Greenberg [4]. In fact, the strong damping plays
an important role on the existence and stability for p-Laplacian wave equation see
for instance for n > 2 [5L 6], [, [8] [0 [0, 111 [12]. Nevertheless, if the strong damping
is replaced by a weaker damping (u;), then global existence and uniqueness are
only know for n = 1,2, see [13, [14]. For the intermediary damping given by
((—A)*uy), with 0 < a < 1 in [I5] was proved the global solution depending on
the growth of a forcing term. The background of these problems are in physics,
especially in solid mechanics.

From what we know this is the first time that a alternative damping for wave
equation with the p-Laplacian operator is considered. In this work we consider
a memory damping, acting only on Aw given by the usual convolution

g x Au(z,t) = /Qg(t — $)Au(z,s)ds

with the kernel g as real-valued function.
We have interest in proving the existence of a global solution and energy decay
to the problem

Uy — Apu=Au —g*xAu in Qx[0,00), (2)
u(z,0)=ug(x), us(z,0) =ui(z), x € Q, (3)
u(z,t)=0 on 90N x [0,00). (4)

This paper is organized as follows. Section [2] deals with the potential well,
we introduce the stability set for the problem. In the Section [3] we introduce
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some notations and preliminaries results. In the section we introduce a suitable
Galerkin basis. In the Section |[5| we prove the existence of solution by Faedo-
Galerkin method and finally in the Section [6]we use the result of P. Martinez [16]
that generalizes the results of Haraux [I7] and Nakao [I§] to prove the energy
decay in a appropriate set of stability.

2. The Potential Well

It is well known that the energy of a PDE system is, in some sense, split into
kinetic and potential energy. Following the idea of Y. Ye [9] we are able to
construct a set of stability as follows. We will prove that there is a valley or
a well of depth d created in the potential energy. If this height d is strictly
positive, we find that, for solutions with initial data in the good part of the well,
the potential energy of the solution can never escape the well. In general, it is
possible for the energy from the source term to cause the blow-up in finite time.
However in the good part of the well it remains bounded. As a result, the total
energy of the solution remains finite on any time interval [0, T"), which provides
the global existence of the solution. We started by introducing the functional
J: WyP(Q) = R by

1 1
Iw) = 2IVul = 5 [ (g% 19u?) (¢)da. (5)
p Q
For u € W;?(Q) we define the functional
Y A
T0w) = 2 vy - 5/ (9% |VuP) ()de, 0<A<1. (6)
Q

Associated with the J we have the well known Nehari Manifold given by

N {u e WyP(Q)/{0} : L&J(Au)} T o} .
From () we get

d 1
el — \p—1 p__ — 2
T Ow) = Nl 2/0(9*|vu| ) (¢) de,

then

N Luewirao) - vulg =g [ (o 19u?) (ar)

We define as in the Mountain Pass theorem due to Ambrosetti and Rabinowitz
[19],
def .
d= inf sup J(Au).
wEW, P (2)/{0} 0<A
It is well-known that the depth of the well d is a strictly positive constant, see
[[20], Theorem 4.2], and

= inf .
d= jnf J()
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d
In fact, in our problem, the solution of aJ(Au) =0is
1
1 _
7/ (g [Vul?) (#)da | P~ 1
Q

2
Ao =
IVulls

We have )

d _
5T Ow) = (= DAVl > 0,

and then A, is a global minimum.
For p > 2, J(A«u) < 0, so we introduce the sets

Wi = {u € Wy P(); J(\u) < J(Au) < 0}
and

Wa = {u e Wy P(€);0 < J(\u)}.
The potential well is defined by W = {u € Wy : J(u) < d}U{0} and partition
it into two sets

V= {u eEW : %/Q (9 |Vul?) (t)dz < ||Vu||£} u {0},

W{uew |Vl < %/Q(g*|Vu|2) (t)dx}.

We will refer to V' as the “good” part of the well and W as the “bad” part of
the well. Then we define by V' the set of stability for the problem —.

3. Preliminaries

We introduce the symbols “[0” and “¢” which denote the following convolutions
respectively

(gh) (t) % / gt — )|h(t) — h(s)[* ds,
0

(goh)(t) / ot — 3) (h(t) — h(s)) ds.
0

We state two basic results, see [21], that will be used in the sequel.

Lemma 3.1. For any functions g,h € C ([0, 0], R) we have that

(95 h)() = ( / () ds) Wt — (g o h)(t)
gon®= ([ t 9(6)1d ) 100
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Lemma 3.2. For g,h € C(]|0,00],R) we have

2g WO O = (OO~ aOOP + 5 | ([ o)as ) Ine)? = om0

From now and on, the function g is of exponential type, this is, ¢ > 0 and
3¢ >0, (i =0,1) such that

~aag(t) < o(0) < ~caglt) and 1~ [ g0t < .

The energy of the problem — is defined as

B0 ™ S OF + IVl + 5 (1 [ a(s)as) [Fu®f + 50700

Now we present the result of P. Martinez [16] on decay rate estimates for dissi-
pative system that will used in the section [6]

Lemma 3.3. Let E: Ry — Ry be a non increasing function and ¢ : Ry — R4
an increasing function such that
#(0) =0 and @(t) = +o0 as t — +oo.

Assume that there exist ¢ > 0 and A > 0 such that

+o0o
BT/ (t)dt < AE(S), 0 < S < +00.
S

Then we have
E(t) < cE0)(1+¢(t)7 , ¥1>0ifg>0

and
E(t) < cE(0)e ™M, Vit >0ifqg=0,
where ¢ and w are positive constants independent of the initial energy E(0).

The energy of the problem — is defined as

SO + IVl + 5 (1 —/O 9(5) ds) Vu(t)3 + 3 (60Vu) (1)

B(t) = S -

4. The Galerkin basis

Denote by
Kj ={K Cc{ueLP(Q) : ||ull, =1} : Kis compact, symmetric and y(K) > j},

where v(G) = inf{m : 3¢ : G — R/{0}, ¢ odd continuous function} denotes
the Krasnoselski genus. In [22] it is proved that

\; = inf sup ||[VullP
= ok 222” ulp

is a sequence of eigenvalue of the p-Laplacian. —A,: WP (Q) — W1 (Q) is a
monotone, coercive and hemicontinuous operator on I/VO1 P(Q). Minty-Browder
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theorem, see [23], guarantees the existence of a basis (w;)52; for WyP () given
by the solution of the stationary problem

—Apw; = Ajwj,
w;(0) = woj.
Using
WP (Q) c L2(Q) ¢ W () (7)

with continuous and dense injection for 1 < p < oo, see [2], this basis can be
extended on L?((2) as a basis of Galerkin to Laplacian operator.
In fact, from Sobolev immersion we have

1 1 k
WEI(Q) = Wy (Q), — =~ — .
P o W), =t
Choosing g, =p, v —k =1 and ¢ = 2 we get
-2
n o on n(p >>O

v +2 » + %

and we obtain a Hilbert Space H{(£2) such that
Hy () = W5 (Q) < Wy (Q).
Let s an integer for which s > v. We have
H(Q) = WoP(Q) — HY(Q) — L*(Q).

By Rellich-Kondrachov theorem, H}(Q) < L?(£2) is compact, so the immersion
HE(Q) < L2(Q) is also. From spectral theory, there exists a operator defined
by

{HS(Q)7 L2(Q)a ((7 ))HS(Q)}
and a sequence of eigenvectors (v;);jen of this operator, such that
(vj, V) Ez () = Aj(vj,v), for all v e H5(Q)
with A; > 0, A\; < Aj41, and A\; — +oo0 as j — +00. Moreover (v;)jen is

Y

a complete orthonormal system in L?(2) and (wj = \/7> is a complete
7/ jeN

orthonormal system in H{(€2). Then (w;), ey yields a “Galerkin basis” for both
WP () and L2(Q).

5. Global Solution

5.1. Existence.
Theorem 5.1. Given ug € V, uy € L?() there exists a function

u: Qx(0,T) =R
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such that
u € L0, T; Wy P(Q)), ' € L%(0,T; L3(Q),
u(z,0) = up(z), u(z,0) =uy(z) a.e. in Q,

d
37 (6 0) + (= Bpu,0)p + (—Au,v) + (9% Au,0) =0, Vv € W,yP(Q) in D'(0,T).

Proof. Now, for each m € N, let us put V,,, = Span{ws,ws,...,w,}. We search
m

for a function w,,(t) = ijm(t)wj such that for any v € V,,,, u,,(t) satisfies
j=1
the approximate equation

(g (£),0) + (= Dptim (£), V)p + (= Aum(t),v) + (g % Aum(t),v) =0, (8)

with the initial conditions u,,(0) = ugm, and u),(0) = u1,,, where ug, € uy, are
closed in V,,, so that

Wom — ug € WyP(Q) and wui, — uy in L3(9).

Putting v =w;, 1 = 1,2,...,m, and using
m
]r:nl

Bum(®) =Y kgm0 (2),
Apun(t) = ij (t)Apw;(z),

(9% Aun)(t) = D (9% kjm) (D) Aw;(2),
j=1
we observe that is a system of ODEs in the variable ¢ and has a local solution
Um (t) in a interval [0, t,,), by virtue of Carathéodory’s theorem, see [24]. In the
next step we obtain priori estimates for the solution w,,(t) so that it can be
extended to the whole interval [0,T], T > 0.

Priori Estimates: We replace v = u/,(¢) in the approximate equation

and we get
(U (£), U (£)) = (Aptin (£), Uy, () p — (Dt (), 11, (£)) + (g At (), 7, (£)) = 0

()
Let 6 € D(0,t,,). We denote by (-, -) the duality pairing between D’ and D.
So we have,

(0 (0).0) = (5 10 0.0 (10)
(=Bt 0, (00 0) = (3 LIV O30 (1)
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/ 1d 2
(=Aum(t), um (1)), 0) = { 5 3, [Vum(t)l3,0 (12)
Now, note that

(9% Aum (), up, (t) = = ((g * Vun) (1), Vg, (1)) -
By Lemma [3.2] we have

2 (g% V) (£), Vil (1)) = / (¢ OV ) () da — (1) / Vit (8)[? dz

- [ 5 |@ovuo - ( tg(s)ds) Vo) o

Then,
(lg+ Bun (016, 0.6) = (= [ (@OTun) ) + 300 Tun (0
+%% Q(gDVum)(t) dz — (/Og(s) d5> Vum(t)|§,9>.

(13)
Replacing , , , in @D we obtain in D’(0,t,,)

{38 + SIVun @ + 560900 + 5 (1= [ a(s)a5) 1Fune)}

dat | 2
1 , 1 9
=5 | OV (1) dz — (0] V(1)1 (14)
The approximate energy
L, 9 1 oo 1 ¢ 5 1
Em(t):glum(t)lﬁzgllwm(t)llﬁi = 9(s)ds | [Vum (t) 3+ (90Vum) (1)
satisfies

%Em(t) < -5 [ (4OVup) () do— %g(t)|Vum(t)|§.
Q

Then E,,(t) < E,,(0). Due to convergence of initial data, there exists a constant

¢ > 0 independent of ¢ and m such that E,,(t) < c. With this estimate we can

extend the aproximate solutions wu,,(t) to the interval [0,7T], see [25], and we

have

U (t)is bounded inL>(0, T; Wy P (), (15)
ul, (t)is bounded inL>(0, T; L*(£)), (16)
— Ayt (t)is bounded inL>® (0, T; W17 (Q)). (17)
From and Lemma [3.1] we deduce
(g * Vi, )(t) is bounded in L°°(0, T; L*(Q)). (18)

Passage to the Limit: From , , going to the subsequence if
necessary, there exists u such that

U — u weakly star in L(0,T; W (Q)) (19)
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ul, — ' weakly star in L>(0,T; L*(Q)) (20)
g% Vu, — g* Vu weakly star in L>(0,T; L*(Q)) (21)

and in view of there exists & such that
— Ayt () = X weakly in L>(0,T; W57 (). (22)

With these convergence we can pass to the limit in the approximate equation
see [20] 27], and then

d

3 (@ (1), 0) + (X (D), 0)p + (=Au(t), v) + (9% Vu)(t),0) = 0,
for all v € W, P(Q) in the sense of distributions.

For z,y € R and p > 2, consider the elementary inequalities

p=2 p=2 p=2 p=2
12172 = 1y 7| < € (Jal % + 1917 ) Jo — yl, (23)

— — p=2 p=2 p=2 p=2
o720 = [yP=2y| < € (J2 =" + 1ol [l2 T2 - 10| (20)

The inequality is a consequence of the mean value theorem and can be
found in [28]. As in [29] applying , and Holder generalized inequality
with 5 5 1 1

4p p 2 p

we deduce for all v € WP (Q)

T T
/ (=Bt (), 0y — (—Au(t), v)p dt| < c / Vit (t) — Vu(t)]» dt.
0 0

Now we are going to obtain an estimate for u!/, (t). Since our Galerkin basis was
taken in the Hilbert space L?(£2) we can use the standard projection arguments as
described in Lions [26]. Then from the approximate equation and the estimates

(@3- we get

u (t) is bounded in  L%°(0,T; W~ 1%(Q)). (25)

Applying the Lions-Aubin compactness we get from , and ,
U (1) — u(t) strongly in L*(0,T; L*(Q)), (26)
ul, (t) — o' (t) strongly in L(0,T; L*()). (27)

Using we get that w,(t) — wu(t) almost everewhere in Q x (0,7) and we
have,

— Apti () = —Ayu(t) weakly in L=(0,T; W17 (). (28)

From (22), and uniqueness of the limit we conclude that X (t) = —A,u(t).
The verification of the initial data is a routine procedure. The prove of existence
is complete.

O
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5.2. Uniqueness. Let u and v be solutions of (2))-(4) such that

u(z,0) =up =v(z,0) and wui(x,0) =uy = ve(x,0).

Denoting w = u — v we have

uy — Aw=Apu — Apv — g+ Aw, in Q x[0,00), (29)
w(z,0)=0, u;(x,0) =0, z € Q, (30)
w(z,t)=0 on 90 x [0, 00). (31)

We will use the Visik-Ladyenskaya method [30]. Consider for each 7 € [0, 7] the
following function

n
w(x,t):{ —/t w(z,§)dE , 0<t<ny, (32)
0 , n<t<T.
Then,
w(z,t) , 0<t<n,

Yi(z,t) = { 0 Cp<i<T (33)

As w e L0, T; Wy (Q)), w;, € L(0,T; L*(Q)) we have
b, P € L=(0,T; L*(Q)). (34)

Mutiplying by ¢ and performing integration on
(wtt7 1/’) + (vwa Vw) = <Apu - Apva ¢>;D - (g * Awa 11[})

Integrating in [0, n] and taking into account that ¥ (z,t) =0 for all t € [n,T], we
have

n n n n
/ (wie, ) dt + / (Veo, Vi) dt = / (Apu— Ayv, )y di — / (g + Aw), ) dt.
0 0 0 0
As ¥(n) = w(0) = 0 we get
n n n n
7/ (wt,l/)t)dt+/ (Vw, V) dt:/ (Apqupv,@D)pdt—/ ((gxAw)(t),v) dt.
0 0 0 0
From , and
—/n(wt w)dt+/n(v¢t Vw)dt:/n(A N dt—/n(g*Aw ) dt.
0 ? 0 ? O P P P O b
That is

1 md, , 1 [/ d ) n n
5 | gplwldttg [ VYl dt= [ {Apu—Apu, ), di— | ((grAw)(t), ) dt,
2/ dt 2/ dt 0 0

that implies

~ gluB - 51V < ["@u a0, [ swo, ) d 35)
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As before, applying (23), and Holder generalized inequality with

-2 -2 1 1
Pz L+,+,:1
4p 4p p 2

we obtain
[(Apt = Apv, )p| < | Vls. (36)
From and continuous and dense injection we deduce that g x Aw €

L?(0,T; L?(Q)). Then
1 1
‘/ g * Aw)(t)ypdz| < (/ lg % Aw|2dm> (/ |1/J|2da:> <clla.  (37)
Q
From ., ., ., Poincare and Cauchy-Schwarz inequalities we deduce

1 1 7
gl + 5IvvOE < [ vuBar (38)

t
Now we introduce w; (x,t) = / w(z, &) dE, for all t € [0, &) we have
0

W(a,t) = — /Onw(m,g) e = — /Onw(x,f) dg+/0'w(x,g) de = wn (2, ) —wi (2,7),
(39)

and then
¢($,0) = wl(xvo) - wl(xvn) = —w1($,77)~ (40)

From (38), (39) and (40) we obtain
1 n
§|Vw1|§ < c/ |V |3 dt.
0

By Gronwall’s inequality we conclude |Vwi]3 < 0. By (39) we deduce that
Vi =0 in L*(Q) for all t € [0,T]. Finally follows from (38) that |w|3 < 0 and
then u = v in L*(Q) for all t € [0, 7.

6. Asymptotic Behaviour

Theorem 6.1. Let u be a solution of (@- with initial data ug € V, up €
L?(Q). For ¢: Ry — Ry a increasing C? function such that $(0) = 0 and
o(t) 1240, 450 we have for ¢ >0

E(t) < cE(0)(1+ ¢(t)) 7, ¥ 1 >0 (41)
where ¢ is a positive constant independent of the initial energy E(0).

Proof. We will use Lemma [3.3|due to P. Martinez [16] based on a new inequality
that generalizes a result of Haraux [17]. For the goal we start the proof of
multiplying by E4(t)¢'(t)u and so we set

T
/ Eq¢’/ uw(uge — Apu — Au+ g * Au) dedt =0,
0 Q
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from where we obtain by straight calculations

T T
2/ Eifly'dt < — [Eqd)’/uutdx]
S Q S
T
+4 / {(qE’Eq_ldf—i—qub”) / o dx} dt
S Q
T 1 T 1
+4/ [E%’/ |ut|2dx] dt+/ {quﬁl/gDV’udx] dt
s 2 Jo s 2 Ja

o[ oy [ [ st orvuep asa] a

T 1 T
+/ qusf/ |Vul|? dx/ g(t —s)ds| dt. (42)
s 2 Ja 0
In the stability set V' we have
I ) 1
3 J, 9= s)Vu(s)l"ds < J[[Vuls)5. (43)
0

Replacing in we obtain

T T T
/ Eq+1¢/ dt < = |:EQ¢// wug d.’I}:| + / |:(qE/Eq_1¢/ —+ Eq(bl/) / UUt d$:| dt
S Q 0 Q

S

3 T
+§/ E%’/ |ug|? da dt. (44)
Q

S

Now, we will estimate each term on the right side of (44)). Applying the same
argument as in [6] we deduce

T
[qub'/guut dx}s

<cE(s),Vt>S (45)

and

T
/ {(qE’Eq_lﬁ +Eq¢”) / [ dx} dt| < cE(s), Vt > S. (46)
Q

S

T
The estimate of / qub’/ |ug|* dz dt is quite delicate. Let o: Ry — Ry be
s o

00 t
a strictly positive function such that / o(t)dr = 4+o0. ¢(t) = / o(r)dr
0 0

t——+oo

satisfies ¢(0) = 0 and ¢(t) ——— +o00. Consider p(¢,u) < —E'(t).
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According to the [6] for all 0 < S < T ande I <m +1

T T
1
/ Eq¢'/|ut|ldmdt < c/ quﬁ'/—utp(t,u)dxdt
s Q (t) l
1 T
+c/ qub/( utptu)) dz dt
o(t)
/ Eq E’)/\u|dxdt
Q
+c/ E‘I(pa‘m(t)(—E m/ [u/
S Q

Applying Holder inequality, using [ < m + 1, |[v/|3 < ¢ we get

T T ¢/
/ Eq¢’/|ut|ldxdt < c/ BT~ (—E’)dt
S Q S

m41—1 ¢/ m+1 L
+c E% o2 (— B+ dt.
g

1
T dg dt.

s
For fix and arbitrarily small ¢ > 0 (to be chosen later). By applying Young’s
inequality — —4— + ;77 = 1 we obtain

m-+1—1 l

T T /
/ i d) !
/S E%¢ /Q|u\ dedt < c/s Eqa(t)(fE)dt

T
yomAl ol / B ¢
/S

m—+1

l m
d / (B2 = g,
m+1 Jq o(t)

From where follows

T T
1—1 m
/ Eq¢// |Ut|l dedt < cEq(S) + C/Lgmﬂiz / FE1 ST ¢’ dt
s Q ; m+1 s
—I—c’m 1 " E(s).

1
Making [ = 2, p(t,u) = 3 / (90Vu)(t) dz e choosing ¢ such that
Q

m+1  g+1
m+1—-1 g

we obtain

T T
_2 m 2 m
/ qub’/ |ug|? dz dt < cB(s)+c— smfi/ B dt+—— e B(s)
S Q 1 S m +

m +

Now we deduce from ({44 @ @ ) and

—1 m+1 T
— —1 q+1 4/ <
<1 Cm it ) /s ET ¢ dt < c(e)E(s).
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Finally, choosing € small enough we concludes

T
/ ET ¢ dt < cE(s), ¢ >0
s
and the proof is complete. O

Concluding remarks

When p = 2 is well known that the equation describes a homogeneous and
isotropic viscoelastic solid and the genuine memory ¢ * Au induces a damping
mechanism so the asymptotic stability is to be expected. For instance, for the
nonhomogeneous problem with function f independent of time and source term
the existence of a global attractor was proved in [31]. The problem with super-
critical source and damping terms was studied in [32]. Employing the theory of
monotone operators and nonlinear semigroups, combined with energy methods
was established the existence of a unique local weak solution in the finite energy
space. As follow-up work, recently in [33] was considered supercritical nonlin-
earities and was studied blow-up of solutions when the source is stronger than
dissipation. For The case p > 2 the nonlinear equation leads to a problem
not previously considered. The highlight here was to prove the existence of solu-
tion and energy decay in the appropriate set of stability created from the Nehari
manifold.

Acknowledgement

This project was been supported by PNPD/UFBA/CAPES (Brazil). The au-
thors is grateful to the referees for his valuable comments and suggestions that
helped improving the original manuscript.

Competing Interests

The authors declare that they have no competing interests.

REFERENCES

1. Adams, R. A.(1975). Sobolev Spaces, Academic Press.

2. Brezis, H. (2010). Functional analysis, Sobolev spaces and partial differential equations.
Springer Science & Business Media.

3. M. Dreher, The wave equation for the p-Laplacian, Hokkaido Mathematical Journal 36
(2007) 21-52 .

4. Greenberg, J. M., CAMY, R. C. M., & Mizel, V. J. (1968). On the Existence, Unique-
ness, and Stability of Solutions of the Equation o/ (ug)uze + Augta = poutt. Journal of
Mathematics and Mechanics, 7T07-728.

5. Ma, T. F., & Soriano, J. A. (1999). On weak solutions for an evolution equation with
exponential nonlinearities. Nonlinear Analysis: Theory, Methods & Applications, 37(8),
1029-1038.

6. Benaissa, A., & Mokeddem, S. (2007). Decay estimates for the wave equation of p-Laplacian
type with dissipation of m-Laplacian type. Mathematical methods in the applied sciences,
30(2), 237-247.



170

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

C. A. Raposo, A. P. Cattai, J. O. Ribeiro

Rammaha, M., Toundykov, D., & Wilstein, Z. (2012). Global existence and decay of
energy for a nonlinear wave equation with p-Laplacian damping. Discrete Contin. Dyn.
Syst., 32(12), 4361-4390.

. Pei, P., Rammaha, M. A., & Toundykov, D. (2015). Weak solutions and blow-up for wave

equations of p-Laplacian type with supercritical sources. Journal of Mathematical Physics,
56(8), 081503.

. Ye, Y. (2007). Global existence and asymptotic behavior of solutions for a class of nonlinear

degenerate wave equations. International Journal of Differential Equations, 2007, 19685.
Biazutti, A. C. (1995). On a nonlinear evolution equation and its applications. Nonlinear
analysis: Theory, Methods € Applications, 24(8), 1221-1234.

Ang, D. D., & Pham Ngoc Dinh, A. (1988). Strong solutions of a quasilinear wave equation
with nonlinear damping. SIAM Journal on Mathematical Analysis, 19(2), 337-347.
d’Ancona, P., & Spagnolo, S. (1991). On the life span of the analytic solutions to quasilinear
weakly hyperbolic equations. Indiana University Mathematics Journal,40, 71-99.
Chueshov, 1., & Lasiecka, I. (2006). Existence, uniqueness of weak solutions and global at-
tractors for a class of nonlinear 2D Kirchhoff-Boussinesq models. Discrete and Continuous
Dynamical Systems, 15(3), 777-809.

Zhijian, Y. (2003). Global existence, asymptotic behavior and blowup of solutions for a
class of nonlinear wave equations with dissipative term. Journal of Differential Equations,
187(2), 520-540.

Gao, H., & Ma, T. F. (1999). Global solutions for a nonlinear wave equation with the
p-Laplacian operator. Electronic Journal of Qualitative Theory of Differential Equations,
1999(11), 1-13.

Martinez, P. (1999). A new method to obtain decay rate estimates for dissipative systems.
ESAIM: Control, Optimisation and Calculus of Variations, 4, 419-444.

Haraux, A. (1985). Two remarks on dissipative hyperbolic problems. Research Notes in
Mathematics, 122, 161-179.

Nakao, M. (1978). A difference inequality and its application to nonlinear evolution equa-
tions. Journal of the Mathematical Society of Japan, 30(4), 747-762.

Ambrosetti, A., & Rabinowitz, P. H. (1973). Dual variational methods in critical point
theory and applications. Journal of functional Analysis, 14(4), 349-381.

Willem, M. (1997). Minimax theorems(Progress in Nonlinear Differential Equations and
Their Applications) (Vol. 24). Springer Science & Business Media.

Alves, M. S., Raposo, C. A., Rivera, J. E. M., Villagrén, M., & Villagrn, O. V. (2010). Uni-
form stabilization for the transmission problem of the Timoshenko system with memory.
Journal of Mathematical Analysis and Applications, 369(1), 323-345.

Coffman, C. V. (1973). Lyusternik-Schnirelman theory and eigenvalue problems for mono-
tone potential operators. Journal of Functional Analysis, 14(3), 237-252.

Zeidler, E. Nonlinear Functional Analysis and its Applications II/B, Nonlinear Monotone
Operators, 1990. Dumitru Motreanu Département de Mathématiques, Université de Per-
pignan, 66025.

Coddington, E. A., & Levinson, N. (1955). Theory of ordinary differential equations. Tata
McGraw-Hill Education.

Hale, J. K. (1997). Ordinary Differential Equations. Dover Publications, INC.

Lions, J. L. (1988). Controlabilité exacte, perturbations et stabilisation de systémes dis-
tribués. Tome 1. RMA, 8. .

Zhijian, Y. (2009). Longtime behavior for a nonlinear wave equation arising in elasto-plastic
flow. Mathematical Methods in the Applied Sciences, 32(9), 1082-1104.

Domokos, A., & Manfredi, J. J. (2009). A second order differentiability technique of
Bojarski-Iwaniec in the Heisenberg group. Functiones et Approzimatio Commentarii
Mathematici, 40(1), 69-74.



29.

30.

31.

32.

33.

Wave equation type p-Laplacian with memory 171

Raposo, C. A., Ribeiro, J. O., & Cattai, A. P.(2018). Global solution for a thermoelastic
system with -Laplacian. Applied Mathematics Letters, 86, 119-125.

Vishik, M. 1., & Ladyzhenskaya, O. A. (1956). Boundary value problems for partial dif-
ferential equations and certain classes of operator equations. Uspekhi matematicheskikh
nauk, 11(6), 41-97.

Giorgi, C., Rivera, J. E. M., & Pata, V. (2001). Global attractors for a semilinear hy-
perbolic equation in viscoelasticity. Journal of Mathematical Analysis and Applications,
260(1), 83-99.

Guo, Y., Rammaha, M. A., Sakuntasathien, S., Titi, E. S., & Toundykov, D. (2014).
Hadamard well-posedness for a hyperbolic equation of viscoelasticity with supercritical
sources and damping. Journal of Differential Equations, 257(10), 3778-3812.

Guo, Y., Rammaha, M. A., & Sakuntasathien, S. (2017). Blow-up of a hyperbolic equa-
tion of viscoelasticity with supercritical nonlinearities. Journal of Differential Equations,
262(3), 1956-1979.

Carlos Alberto Raposo

Mathematics Department, Federal University of Sao Joao del-Rey 36307-352 Sao Joao
del-Rey-MG, Brasil.

e-mail: raposoQufsj.edu.br

Adriano Pedreira Cattai

Mathematics Department, State University of Bahia 41150-000 Salvador-BA, Brasil.
e-mail: cattai@uneb.br

Joilson Oliveira Ribeiro

Mathematics Department, Federal University of Bahia 40170-110 Salvador-BA, Brasil.
e-mail: joilsonorQufba.br



	1. Introduction
	2. The Potential Well
	3. Preliminaries
	4. The Galerkin basis
	5. Global Solution
	5.1. Existence
	5.2. Uniqueness

	6. Asymptotic Behaviour
	Concluding remarks
	Acknowledgement
	Competing Interests
	References

